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Abstract
Blind source separation (BSS) is the approach to separate observed linear mixtures in
order to receive the distinct source signals without knowledge of the original signals
or the mixing system. The major problems however, that significantly decrease BSS
performance, are ambient noise and reverberation when the system is used in a real
acoustic environment. Therefore, in this thesis, the Subspace Method, an algorithm
to suppress those undesired interferences, is employed and evaluated as a preprocessor
for a BSS algorithm.
Preliminary investigations are conducted to verify the basic functionality of the
Subspace Method for one speaker. Thereby, different room conditions with varying
reverberation times and different white Gaussian noise levels are examined. The results
show solid improvements in highly reverberant environments as well as for all scenarios
where white noise has been applied. In contrast, in the BSS scenario with two active
speakers all experiments lead to inferior results when the Subspace Method is used,
either by itself or as a preprocessor for BSS, compared to the scenarios where only BSS
is applied. It is assumed that these result occur due to inaccurate permutation in the
frequency domain as well as decorrelation through the Subspace Method.

Kurzfassung
Blinde Quellentrennung (blind source separation, BSS) bezeichnet den Ansatz aus
einer Mischung von Signalen die Quellensignale zu rekonstruieren. Dies geschieht
ohne jegliches Wissen über die Originalsignale oder den Mischprozess. Dabei hängt
die Qualität der Signaltrennung vor allem von Störquellen und der Nachhallzeit eines
Raumes ab. Demzufolge wird in dieser Arbeit die Unterraummethode, ein Algorithmus, der diese unerwünschten Störgeräusche unterdrückt, vorgestellt und als Vorverarbeitungsstufe für ein BSS System eingesetzt.
Die Evaluation lässt sich in zwei unterschiedliche Szenarien gliedern für die jeweils verschiedene Nachhallzeiten und Rauschintensitäten untersucht wurden. Einerseits wird die Grundfunktionalität der Unterraummethode verifiziert, indem sie auf
Sprachsignale eines einzelnen Sprechers angewandt wird. Im Ergebnis wird deutlich,
dass vor allem für lange Nachhallzeiten und additives weißes gaußsches Rauschen deutliche Verbesserungen gegenüber dem ungefilterten Signal erzielt werden können. Andererseits wird das BSS Szenario mit zwei aktiven Sprechern untersucht. Dabei werden,
neben dem Einsatz der Unterraummethode als Vorverarbeitungsstufe für BSS, zu Vergleichszwecken auch die Ergebnisse von der alleinigen Anwendung von BSS und der
Unterraummethode betrachtet. Hierbei führen die Szenarien in denen die Unterraummethode eingesetzt wird zu schlechteren Ergebnissen als eine alleinige Nutzung des BSS
Algorithmus. Es wird angenommen, dass dieses Verhalten aus dem, durch die Unterraummethode erzeugten, Permutationsproblem im Frequenzbereich resultiert und aus
der Tatsache, dass die Unterraummethode die Ausgangssignale bereits dekorreliert.
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Chapter 1

Introduction

One of the most prominent paradigms in audio signal processing is the so called
cocktail-party problem. Thereby, two speakers are talking simultaneously in a room
while microphones are observing the situation. The resulting microphone signals consequently contain a mixture of both speech signals. For applications such as speech
recognition systems it is very desirable to recover the original source signals based on
this observed mixture, as a clear source signal is required for an automatic speech
recognizer (ASR). This signal separation can be achieved by applying a blind source
separation (BSS) system. In this context, the biggest obstacles that real applications
face are ambient noise and reverberation due to multipath propagation. These interferences dramatically reduce the performance of the BSS algorithm and thus, ultimately,
the performance of the ASR [3].

Therefore, in this thesis, an algorithm to suppress ambient noise and reverberation, the Subspace Method in the frequency domain introduced by Asano et al. [3],
is presented and employed as a preprocessing stage for a BSS algorithm in order to
investigate whether applying the Subspace Method can improve BSS performance.
1

CHAPTER 1. INTRODUCTION
The thesis is organized in the following way: In Chapter 2, the fundamentals of BSS
are outlined and an overview about reverberation is given. Furthermore the concept of
vector spaces and subspaces is described, before in Chapter 3 the Subspace Method for
reducing room reflections is presented. After that, the experimental results for different
scenarios are evaluated in Chapter 4 based on the performance measures introduced in
advance. Finally, a summary of the main results as well as an outlook on future work
is given in Chapter 5.

2

Chapter 2

Fundamentals

In this chapter, the fundamentals that are necessary to understand the Subspace
Method presented in Chapter 3 and the following evaluation in Chapter 4 are outlined. Therefore, the basic principle of BSS as well as the underlying signal model
are described. Afterwards, the theory about room reflections is illustrated and before
examining how the Subspace Method can reduce room reflections, the key aspect of
this approach, namely the concept of vector spaces and subspaces, is regarded.

2.1

Blind Source Separation

The general idea of BSS is to separate observed linear mixtures in order to recover
the original distinct source signals. The term ”blind” implies that the algorithm does
not require any knowledge about the original signals or the mixing system which is a
necessary prerequisite as most real world applications, such as hearing aids or video
conferencing, do not offer such information [21]. Thereby, the mixing system simulates
the general signal propagation as well as signal interferences. The only prerequisite
3
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Figure 2.1: BSS signal model [7].

for BSS is statistical independence of the source signals. As already mentioned in the
introduction, reverberation significantly reduces the performance of the BSS algorithm
and, as a result, the performance of the following ASR. Before explaining the impact
of reverberation on BSS, the general concept of the BSS algorithm is outlined in this
chapter.

Figure 2.1 shows the basic BSS signal model used in this thesis, where sq denotes
the source signals and, after passing the mixing system and adding an optional noise
component np , xp denotes the recorded microphone signals. For the sake of simplicity,
the number of microphones and sources is limited to P = Q = 2 hereafter. Note, that
a basic assumption in this model is that each signal is filtered with an individual room
impulse response and therefore the microphone signals xp describe a linear convolutive
mixture of the source signals such that
x1 = s1 ∗ h11 + s2 ∗ h21 + n1 ,

(2.1)

x2 = s2 ∗ h22 + s1 ∗ h12 + n2 ,

(2.2)

4
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where hqp denotes the impulse response from source q to microphone p. The aim of the
BSS system is to find a demixing system in order to reverse the mixing process and to
recover the initial source signals. This is done by filtering the microphone signals xp
with the coefficients of the demixing filters wpq , analogously to the mixing process, as
y1 = x1 ∗ w11 + x2 ∗ w21 ,

(2.3)

y2 = x2 ∗ w22 + x1 ∗ w12 .

(2.4)

The BSS algorithm used in this thesis is based on the ”TRIple-N-Independent component analysis for CONvolutive mixtures” (TRINICON) framework, which simultaneously accounts for the three fundamental properties nonwhiteness, nonstationarity
and nongaussianity [6, 8, 17].
Recall, that the fundamental assumption for the algorithm is statistical independence of the source signals. By minimizing the mutual information between the output
signals separation of the independent sources can be achieved.
In this chapter, a matrix notation is used for the demixing filter W and the signals
(S, X, Y) which are described in [8] in detail. Throughout this thesis, TRINICON-BSS
based on second-order statistics (SOS) is considered, which corresponds to a minimization of mutual information for the case of Gaussian distributions. Referring to the three
properties the general TRINICON framework addresses, SOS-based TRINICON-BSS
only exploits nonwhiteness and nonstationarity.
The cost function for SOS-based TRINICON-BSS, given as [6]
JSOS (m) =

∞
X

β(i, m){log detR̂ss (i) − log detR̂yy (i)},

(2.5)

i=0

is applied block-wise to blocks (index m) composed of several smaller blocks (index i)
[21]. β(i, m) defines a window function for online, block-online or offline realizations.
The terms R̂ss (i) and R̂yy (i) describe the correlation matrices of the sources sq and
the output signals yq as R̂ss (i) = SH (i)S(i) and R̂yy (i) = YH (i)Y(i), respectively [1].
Hereby, superscript

H

denotes the conjugate transpose of a matrix.
5
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Figure 2.2: Desired score function for SOS [6].

The nonwhiteness property is exploited by minimizing the correlation between the
two output channels for L output time lags. Simultaneously, the minimization of the
correlation for several small blocks i between the two output channels exploits the
nonstationarity of the signals [21].

The desired score function for SOS-based TRINICON-BSS can intuitively be expressed as
R̂ss (i) = bdiagL R̂yy (i)

(2.6)

and Figure 2.2 illustrates the ideal cancellation of all crosscorrelations taking into account L time-lags, while the autocorrelations stay untouched. Therefore, the structure
of the individual signals is preserved [6]. The bdiag operation on a partitioned block
matrix consisting of several submatrices sets all submatrices on the off-diagonals to
zero [9] which, in this case, is equivalent to the initial assumption of statistically independent signals. The cost function reaches its minimum when the blocks on the
off-diagonals vanish.
6
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The update rule for SOS-BSS can be derived by taking the natural gradient of
JSOS (m) with respect to the demixing filter matrix W(m)
∆W ∝ WWH

∂J
,
∂WH

(2.7)

which yields the following generic coefficient update [6]:
∆W(m) = 2

∞
X

β(i, m)W(i){R̂yy − R̂ss }R̂−1
ss .

(2.8)

i=0

In the next step, the demixing filter matrix W is updated using the update term (2.8)
weighted with the step size µ:
W(m) = W(m − 1) − µ∆W(m).

(2.9)

Note, that since BSS employs the method of steepest descent and the gradient yields
the direction of steepest ascent, the negative gradient has to be taken for the update in
Equation (2.9). The correct choice of the step size is a crucial factor for the convergence
speed and stability of the algorithm. Too small step sizes lead to slow convergence while
too large step sizes could cause divergence or instability [21].

2.2

Room Reflections and Reverberation

The purpose of this thesis is to present an algorithm that suppresses reverberation
and employ it prior to the BSS algorithm presented in Section 2.1. Therefore, as a
basis, in this chapter the fundamentals of signal propagation are outlined in order to
understand what reverberation is and how it affects BSS performance.

Intuitively speaking, reverberation can be explained as reflections of sound waves
from walls. As Figure 2.3 depicts, there are different sound propagation paths from
a sound source to the microphone that observes the sound signal. Firstly, there is a

7
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Desired Source

Directional
Wall

Component

Reflection

Microphone

Figure 2.3: Illustration of the direct path and a single reflection from desired source to the
microphone [12].

directional component which can be visualized by the shortest path between the sound
source and the microphone. Note, that a direct component only exists when a free
line of sight between the source and the receiver is given. Secondly, there are indirect
components that approach the microphone over reflected paths from different angles
and after covering different distances. Consequently, the microphone receives delayed
and attenuated copies of the source signal which is called reverberation. In addition,
early and late reverberation can be distinguished [12]. Thereby, early reverberation
is not perceived as separate sound as long as the propagation time does not exceed
80 − 100 ms and instead reinforces the direct sound. This phenomenon is termed
precedence effect. In contrast, late reverberation describes larger delays and has a
significant influence on speech intelligibility. As a summary, Figure 2.4 schematically
depicts a measured room impulse response (RIR) divided into the different components.

In order to illustrate the influence of room reflections in the frequency domain,
Figure 2.5 shows two spectrograms of a female voice speaking the words ”once upon a
time there was a little” in different environments. In Figure 2.5a the speech signal is
anechoic while Figure 2.5b represents the same sentence in a room with a reverberation
8
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Room impulse response

Direct path

Early
Late reverberation

reverberation

0

time

Figure 2.4: Schematic representation of a measured acoustic RIR.

time of T60 = 400 ms measured at a distance of 1 m. The term T60 denotes the time
that is necessary for a 60 dB decay of the sound energy after switching of the sound
source [12]. As can be seen from the figure, the spectrogram corresponding to the
reverberated utterance is blurred and the empty spaces, representing speech pauses,
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Figure 2.5: Spectrogram of non-reverberant and reverberant speech signal.
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This blurring effect also explains the decrease in BSS performance described before,
as the BSS system has to identify all different signal propagation paths from overlapping
speech portions at a time instance in order to obtain a good separation performance.
The number of degrees of freedom of the BSS system is limited due to the limited length
of the demixing filter. Increased reverberation leads to many different propagation
paths causing a reduction of BSS performance if not all propagation paths can be
modeled sufficiently. In addition, the convergence speed of the BSS system decreases
since more propagation paths need to be identified.

2.3

Vector Spaces and Subspaces

In order to suppress reverberation and ambient noise, several approaches, like employing a Delay-and-Sum (DS) beamformer [15] or using directional microphones [16],
have been suggested. In this thesis, the Subspace Method presented by Asano et al. [3]
is applied. It exploits the properties of vector spaces and subspaces which are described
in the following.

The concept of vector spaces is illustrated by recalling the most common real vector
spaces denoted by R1 , R2 and R3 where R1 describes a line, whereas R2 describes
the x-y plane. R3 denotes the three-dimensional space and, in general, the space Rn
consists of all column vectors with n components. Within all vector spaces, vectors
can be added and multiplied by scalars. In other words, linear combinations which
lead to vectors in the same vector space can be taken. All operations have to fulfill the
properties displayed in the following enumeration.

10
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Vector Space properties

1. x + y = y + x
2. x + (y + z) = (x + y) + z
3. There is a unique ”zero vector” such that x + 0 = x for all x
4. For each x there is a unique vector −x so that x + (−x) = 0
5. 1x = x
6. (c1 c2 )x = c1 (c2 x)
7. c(x + y) = cx + cy
8. (c1 + c2 )x = c1 x + x2 x

In summary, a real vector space is a set of vectors together with rules for vector
addition and multiplication by real numbers [22]. In real applications, especially where
the frequency domain is employed, the vector spaces are often complex. For the sake
of simplicity and illustration the properties are presented for real vector spaces but the
concept is equally applicable for complex spaces [22].

In Figure 2.6, a two-dimensional plane within a three-dimensional vector space is
illustrated. This plane through (0, 0, 0) is a vector space in its own right and it is called
a subspace of the original space R3 . Note, that the biggest subspace is R3 itself, while
the zero vector forms the smallest, ”zero-dimensional”, subspace. The formal definition
reads as follows: ”A subspace of a vector space is a nonempty subset that satisfies
the requirements for a vector space: Linear combinations stay in the subspace” [22].
This could also be described as the subspace being closed under addition and scalar
multiplication. The properties outlined for the larger space are automatically satisfied
in every subspace.
11
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Subspace Method

As mentioned in Section 2.3, there are several different approaches in audio signal processing to suppress noise and reverberation. This can be done by either suppressing
the reverberation or enhancing the direct component. Conventional algorithms require
knowledge of the array geometry or the sound field which is not given in the framework
of BSS. Therefore, an algorithm that does not require previous knowledge is required
in order to be used as a preprocessor for BSS. Prominent examples in this context are
linear predictive coding (LPC) analysis or long term cepstral mean subtraction [23].
In the following, a method to reduce room reflections and reverberation, the Subspace
Method in the frequency domain as described by Asano et al. [3], is presented. At this
juncture, the general idea is to separate room reflections and directional components
in the eigenvalue domain based on the spatial extent of the acoustic signal. By applying the subspace filter the ambient components are suppressed while the directional
components are preserved.

13
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3.1

Underlying Signal Model

Before proceeding to examine the Subspace Method, it will be necessary to introduce
the signal model for the input signal as in [3]. Considering the observation of the
sound field inside a room with M microphones and D sound sources, the input vector,
representing the short-term Fourier transform (STFT) of the microphone inputs, yields
x(ω, t) = [X1 (ω, t), ..., XM (ω, t)]T

(3.1)

where t and ω denote the time and the frequency index, respectively, and Xm (ω, t)
denotes the STFT of the m-th microphone signal. The symbol T refers to the transpose
of a vector. As introduced in Section 2.2, in a noisy and reverberant environment
there are directional components as well as less directional components such as room
reflections and ambient noise. Correspondingly, in the following, the input signal is
modeled as
x(ω, t) = A(ω)s(ω, t) + n(ω, t).

(3.2)

Similar to the input vector described in Equation (3.1), the vector s(ω, t) consists of the
source spectra s(ω, t) = [S1 (ω, t), ..., SD (ω, t)]T where Sn (ω, t) describes the spectrum
of the n-th source. Matrix A(ω) is termed mixing matrix and its (m, n)-th element
defines the transfer function from the n-th source to the m-th microphone as
Am,n (ω, t) = Hm,n (ω)e−jωτm,n ,

(3.3)

where Hm,n (ω) denotes the magnitude of the transfer function. The propagation time
from the n-th source to the m-th microphone is denoted by τm,n . The less directional
components and ambient noise are combined in n(ω, t) while the term A(ω)s(ω, t)
represents the directional component. In the following, the directional component will
be called signal component while n(ω, t) will be called ambient component.

14
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3.2

Mathematical Approach

The fundamental idea of the Subspace Method is to reduce the ambient component, containing ambient noise as well as room reflections, and to preserve the direct
component of a signal. This is done by employing the properties of vector spaces and
subspaces as will be described in this chapter.

3.2.1

Spatial Correlation Matrix

The spatial correlation matrix of the microphone signals is defined as
R(ω) = E{x(ω, t)xH (ω, t)}.

(3.4)

E{·} is generally understood to be the expectation value. Note, that the Subspace
Method is conducted at each frequency independently. Therefore, the Fast Fourier
Transform (FFT) length determines the number of distinct spatial correlation matrices
for each block. To accommodate the nonstationarity of speech and audio signals, a
recursive mean as in [25] is applied so that
R(ω) = λR(ω − 1) + (1 − λ)R(ω),

(3.5)

where λ denotes the forgetting factor which is usually chosen close to one, to ensure
that the influence of past values decreases over time. In order to simplify notation, the
frequency index ω is omitted in the remainder of this chapter.

In the following, it is assumed that the signal and the ambient component are
uncorrelated. This assumption holds to some extent in a practical sense when the
window length of the STFT is short and the interval between the direct sound and
the reflection exceeds this window length. Replacing x(ω, t) in Equation (3.4) with
its definition in Equation (3.2) and dismissing the crosscorrelation spectra containing
15
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both signal and ambient components R can be written as
R = AQAH + K,

(3.6)

with Q = E{s(t)sH (t)} being the cross-spectrum matrix of the sources and K =
E{n(t)nH (t)} being the correlation matrix of the ambient components.

3.2.2

Properties of the Subspace Method

Applying the generalized eigenvalue decomposition of R as in [20] yields to
R = KEΛE−1

(3.7)

with E = [e1 , ..., eM ] and Λ = diag(λ1 , ..., λM ) where em and λm are the eigenvectors
and the eigenvalues, respectively. As K contains reflections and reverberation it cannot
be observed separately and therefore in this thesis K = I is assumed. This leads to the
standard eigenvalue decomposition
R = EΛE−1 ,
which is equivalent to the assumption that n(t) is spatially white.
Eigenvalue

Directional Component
Ambient Component
Figure 3.1: Typical eigenvalue distribution for D = 3 and M = 7 [3].
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(3.8)

3.2. PROPERTIES OF THE SUBSPACE METHOD
The above mentioned characteristics, as well as the structure of the spatial correlation matrix R, entail four important properties of the Subspace Method [3, 10].

Property 1 The energy of D directional signals s(t) is concentrated on the D dominant eigenvalues.
Property 2 The energy of n(t) is equally spread over all eigenvalues.
Property 3 R(A) = R(Es ) where Es = [es , ..., eD ] denotes the eigenvectors corresponding to the D dominant eigenvalues.
Property 4 R(A) = R(En )⊥ where En = [eD+1 , ..., eM ] denotes the eigenvectors
corresponding to the remaining M − D eigenvalues.

Properties 1 and 2 are illustrated in Figure 3.1 that shows an idealized eigenvalue
distribution for three sound sources and seven microphones for one frequency bin. An
example for a real eigenvalue distribution for two speech sources and six microphones
in a room with short reverberation time (T60 = 50 ms) is depicted in Figure 3.2 where
the concentration of the energy on the two dominant eigenvalues, visualized in dark
red, can clearly be observed.

Properties 3 and 4 result from the fact that the spatial correlation matrix is an
Hermitian matrix and therefore its eigenvectors form an orthogonal basis [10]. R(A)
describes the space spanned by the column vectors of the mixing matrix A = [a1 , ..., aD ]
which could also be written as span(a1 , ..., aD ). The notation R(En )⊥ describes the
orthogonal complement of R(En ). The subspaces R(Es ) and R(En ) are termed signal
subspace and noise subspace, respectively. According to the properties mentioned
above, signal and noise subspace are orthogonal to each other.
17
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Figure 3.2: Eigenvalue distribution of a speech signal for D = 2, M = 6 and fs = 16 kHz.
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Figure 3.3: Relation of Vectors for D = 2 and M = 3 [3].
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As displayed in Figure 3.3, the D = 2 eigenvectors e1 and e2 corresponding to the
D dominant eigenvalues span the signal subspace R(A) = R(Es ). Recall, that the
direct component is represented by As and note that it is located within the signal
subspace, while the ambient component n is located within the noise subspace that
fills the remaining one-dimensional subspace. This is an additional visualization of
Properties 1, 3 and 4 and shows, why the energy within the signal subspace distributes
over the eigenvalues corresponding to e1 and e2 . As the eigenvectors of R form an
orthogonal basis, the number of microphones determines the order of the employed
vector space while the number of sound sources determines the order of the signal
subspace. Accordingly, the Subspace Method requires the number of microphones M
to be considerably larger than the number of sources D. In this thesis, the dimension
of the signal subspace D = 2 is assumed to be known. In real applications however,
this dimension has to be estimated as, for instance, illustrated in [25].

3.2.3

Subspace Filter

Conceptually, the subspace filter projects the input signal x(t) onto the eigenvectors
spanning the signal subspace in order to suppress the ambient component. This filter
is defined as [3]
W = Λ−1/2
EH
s
s ,
−1/2

where Λs = diag(λ1 , ..., λD ). The term Λs

(3.9)

is the same normalization factor as the

one used in Principal Component Analysis (PCA) [18]. The conjugate transpose of the
eigenvectors corresponding to the D dominant eigenvalues EH
s plays a major role in
the subspace filter to reduce the energy of n(t). As a proof of concept, recall Properties
1 and 3 which imply that the directional component As(t) can be expanded with the
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subset of the basis vectors, {e1 , ...., eD }, as
As(t) =

D
X

αi (t)ei ,

(3.10)

i=1

where αi (t) is the projection coefficient of As(t) onto the basis vector ei . Similarly,
according to Property 2, n(t) is expanded using all basis vectors {e1 , ...., eM } as
n(t) =

M
X

βi (t)ei ,

(3.11)

i=1

where βi (t) is the projection coefficient of n(t) onto the basis vector ei . Written in a
matrix vector notation this results in
As(t) = Es α(t)

(3.12)

n(t) = Eβ(t),

(3.13)

where α(t) = [α1 (t), ..., αD (t)]T and β(t) = [β1 (t), ..., βM (t)]T . As the noise energy
equally distributes over all eigenvalues, there are ambient components in the signal
subspace as well as in the noise subspace. Thus, the ambient component can be split
as
n(t) = ns (t) + nn (t),

(3.14)

where ns (t) ∈ R(Es ) and nn (t) ∈ R(En ) and
ns (t) = Es (t)β s (t)

(3.15)

nn (t) = En (t)β n (t)

(3.16)

with β s (t) = [β1 (t), ..., βD (t)]T and β n (t) = [βD+1 (t), ..., βM (t)]T . Applying the subspace filter to the components mentioned in Equation (3.12), (3.15) and (3.16) and

20

3.2. SUBSPACE FILTER
H
using the properties of the eigenvectors, EH
s (t)Es (t) = I and Es (t)En (t) = 0, leads to
−1/2
WAs(t) = Λ−1/2 EH
α(t)
s (Es α(t)) = Λ

(3.17)

−1/2
Wns (t) = Λ−1/2 EH
β s (t)
s (Es β s (t)) = Λ

(3.18)

Wnn (t) = Λ−1/2 EH
s (En β n (t)) = 0.

(3.19)

Equation (3.19) indicates that by applying the Subspace Method the ambient component within the noise subspace is canceled. In contrast, the components in the signal
subspace As(t) and ns (t) are preserved. Consequently, when the number of microphones considerably exceeds the number of sound sources, the expectation is that a
large amount of n(t) can be canceled by the Subspace Method.

Before applying each subspace filter, it is transformed into the time-domain as [3]
wn,m (t) = IDFT{Wn,m (ω)},

(3.20)

where IDFT{·} denotes the inverse Discrete Fourier Transform (DFT). The (n, m)-th
element of the frequency domain filter W(ω) and its corresponding element in the
time domain are denoted by Wn,m (ω) and wn,m (t), respectively. Finally, the filters are
convolved with the corresponding time-domain microphone signals
yd (t) =

M
X

wd,i (t) ∗ xi (t)

(3.21)

i=1

in order to get the D output signals of the subspace filter which are summarized in the
vector y(t) = [y1 (t), ..., yD (t)]T .

The Subspace Method can be considered a self-organizing beamformer [3]. This can
be explained by looking at a DS beamformer in the frequency domain focusing on the
n-th target source which can be expressed as [19]
yDS (t) = wDS x(t),
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with the transfer function
wDS (t) =

1 jωτ1,n
, ..., ejωτM,n ].
[e
M

(3.23)

It is assumed that H1,n = ... = HM,n = 1 in Equation (3.3). The vector representation
of wDS (t) yields [3]
wDS (t) =

aH
n
H
an an

(3.24)

with an being the n-th column vector of A and aH
n an representing a normalization
factor. The formula can be extended to a DS beamformer focusing on n target sources
by deploying a matrix notation resulting in
WDS (t) =

AH
.
AH A

(3.25)

Ultimately, applying this filter matrix to the noise component nn (t) in Equation (3.16)
as
AH
WDS nn (t) = H En β n (t) = 0
A A

(3.26)

leads to a total cancellation of the noise component because of Property 4 stating
AH En = 0. Consequently, the DS beamformer and the Subspace Method have the same
noise reduction mechanism to cancel the noise component within the noise subspace.
Thus, the subspace filter can be considered as a self-organizing beamformer [3].
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Objective Evaluation
In this chapter, the Subspace Method is evaluated using objective performance measures that are, along with other information about the experimental setup, described
first. Subsequently, two scenarios are investigated. First, the basic functionality of the
Subspace Method for a single speaker is verified for different room conditions. Second, the Subspace Method is employed as a preprocessing stage for a BSS algorithm.
The underlying exact numbers for the various charts used to discuss the results of the
experiments can be found in Appendix A.

4.1

Experimental Setup

Before presenting the different evaluation results, this section gives a brief overview
of the experimental setup including the room environments, in which the experiments
are conducted, as well as the microphone setup. Moreover, the employed ASR and the
BSS framework are described and the underlying parameters for the Subspace Method
are given. Eventually, the measures used as a performance criteria in the evaluation
are explained.
23

CHAPTER 4. OBJECTIVE EVALUATION

4.1.1

Experimental Details

All experiments are conducted in the same way, with identical source signals in
different reverberant environments. Table 4.1 shows the reverberation times T60 for
the different room constellations termed A, B, C and D, where the subscript of the
rooms displayed in the table refers to the distance of the speaker to the microphone
array in m.

Table 4.1: Reverberation times T60 and distances from the speakers to the mircophone for
four different rooms.
Room

reverberation time T60

distances

A

50 ms

1m

B1 — B2 — B4

250 ms

1m—2m—4m

C1 — C2 — C4

400 ms

1m—2m—4m

D1 — D2 — D4

900 ms

1m—2m—4m

The following setup describes the situation for two simultaneously active speakers,
but for experiments with only one active source, as in Section 4.2, the same constellations are valid taking into account only one speaker. The angles of the speakers are
chosen to be +45◦ and −45◦ in room A while, due to the given microphone setup,
for room B, C and D the angles are chosen to be +40◦ and −40◦ , as displayed in
Figure 4.1a and Figure 4.1b.

The microphone array consists of M = 6 aligned microphones with an inter-element
spacing of 0.042 m, shown in Figure 4.2. The microphone signals are obtained by
convolving the source signals with M individually measured RIRs for each speaker
position.
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Figure 4.1: Speaker positions for different rooms with different reverberation times.
2

1

3

4

5

6

0.042 m

0.21 m

Figure 4.2: Mircophone constellation [4].

The Subspace Method used in this thesis, introduced in Chapter 3, is employed in
the frequency domain. Throughout the entire evaluation, a block-offline structure is
used. The method is performed block by block and each frame is weighted with a von
Hann window. For each frequency bin, the spatial correlation matrix is calculated.
As described in Equation (3.5), by applying the recursive mean, the spatial correlation matrices are then updated for every block. Consequently, the complete signal is
used for the estimate. Afterwards, the eigenvalues and eigenvectors of the resulting
spatial correlation matrices are calculated in order to receive the filter matrices, see
Equation (3.9). Ultimately, the filter matrices are transformed into the time domain
in order to avoid time-domain aliasing [3], resulting in M time-domain filters. Each
microphone signal is then filtered with the corresponding time-domain filter and by
adding all filtered signals the output signal, as in Equation (3.21), is obtained. A complete list of parameters used for the Subspace Method can be found in Table 4.2. All
algorithms used in this thesis are implemented and evaluated using MATLAB.
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Table 4.2: Parameters used for the block-offline realization of the Subspace Method.
Parameters for the Subspace Method
Sampling frequency

16 kHz

Shift of STFT

16

Window length

512

Window

von Hann

Forgetting factor, λ

0.999

Number of microphones, M
Number of sources, D

6
1-2

In Section 4.3, an offline version of the BSS algorithm characterized in Section 2.1 is
used to achieve signal separation. Thereby, the length of the demixing filter is chosen
to be 1024 and a stepsize of µ = 0.00001 is applied, see Equation (2.9). Furthermore,
the number of iterations is set to be 500. The output signals of the BSS algorithm
are then provided as input arguments for the ASR that is described in the following
section.

4.1.2

Performace Measures

Automatic speech recognition rate

The central performance measure for the evaluation is the automatic speech recognition rate (ASR rate) of an ASR which evaluates the overall signal quality. The ASR
engine PocketSphinx [24] is used with an acoustic model trained on clean speech from
the GRID corpus [11]. The source signals consist of utterances of the form ”command
- color - preposition - letter - number - adverb”, but, as in the PASCAL CHiME challenge [5], for the computation of the ASR rate only the letter and the number are taken
into account. For the evaluation of the Subspace Method for a single speaker, as in
26
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Section 4.2, a signal consisting of 100 utterances, corresponding to an input signal of
approximately 3 minutes, is used. In order to evaluate the Subspace Method as a preprocessor for BSS, which requires a mixture of two signals, another 100 utterances are
taken into account. Thereby, the two source signals are of equal energy. All recordings
are sampled at a rate of 16 kHz. Any additive noise is white Gaussian noise and used
to model microphone self-noise. The ASR requires the endpoints of each utterance and
therefore accurate timing is required. Accordingly, in order to accommodate delays
from RIRs or filters, the crosscorrelation of the output signal and the original source
signal is determined and the corresponding shift is considered to obtain precise ASR
rates. In order to increase the reliability of the measures for unfiltered signals, the ASR
rates for the M microphone input signals are individually determined and averaged.

Frequency-weighted segmental signal-to-noise ratio

The second performance measure, taken to determine the impact of the Subspace
Method in terms of noise suppression, is the frequency-weighted segmental signal-tonoise ratio (fwsegSNR) which is calculated as [13]
M −1
10 X
fwsegSNR =
M m=0

PK

j=1

2

|X(j,m)|
W (j, m)log10 (|X(j,m)|−|
X̂(j,m)|)2
,
PK
W
(j,
m)
j=1

(4.1)

where K denotes the number of bands and W (j, m) is the weight placed on the j-th
frequency band as in [13]. M denotes the total number of frames in the signal and
|X(j, m)| is the signal spectrum in the j-th frequency at the m-th frame weighted by a
Gaussian-shaped window. |X̂(j, m)| refers to the weighted reference signal spectrum in
the same band. The fwsegSNR is a better match to auditory perception as perceivable
frequencies are weighted stronger. Note, that the noise component also contains reverberation. Consequently, when no additional noise is applied, this measure could also
be described as a frequency-weighted segmental signal-to-reverberation ratio. To con27
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sider reverberation as a part of the noise component, the signal X̂ in Equation (4.1)
only consists of the direct component, whereas the signal X that is analyzed additionally contains room reflections and noise. This direct component is obtained by
extracting the direct path from each individual RIR, as displayed in Figure 2.4, and
convolving it with the source signal. In order to obtain the reference signal to measure
the fwsegSNR after filtering through the Subspace Method, the direct component is
filtered with the same subspace filters as the microphone signals. High values are desired for the fwsegSNR as the difference |X(j, m)| − |X̂(j, m)| in the denominator in
Equation (4.1) describes the noise component which is aimed to be small.

4.2

Evaluation of the Subspace Method

The first set of analyzes verifies the functionality of the Subspace Method for one
speaker regarding the performance measures presented in Section 4.1.2, before proceeding to examine the Subspace Method as a preprocessor for BSS. Therefore, three
different scenarios are analyzed. In the first scenario, different white Gaussian noise
levels in the least reverberant environment, room A, are investigated. In contrast, the
second scenario deals with sole reverberation in rooms B, C and D for different speaker
distances as given in Table 4.1. Ultimately, in the third scenario, the reverberation scenario is extended by adding 20 dB white Gaussian noise. The results obtained from the
simulations are shown in Figures 4.3 to 4.5. Exact numbers for the charts are provided
in Tables A.1 to A.3.

In the first scenario, white Gaussian noise at different signal-to-noise ratio (SNR)
levels is added to the source signal with SNR = {20, 10, 5, 0, -5} dB. Figure 4.3a
compares the results obtained from the ASR before and after subspace filtering. As a
reference, the ASR rate of the original source signal was measured to be 93 %. With
successive decrease of the SNR level, the recognition rates also decrease in both cases.
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However, the subspace filtered signal constantly shows higher ASR rates, especially
between 10 dB and 0 dB and therefore proves robustness against white Gaussian noise
in terms of ASR rate. It is striking, that for the lowest SNR level no significant
improvement was achieved. This could result from the fact, that the noise energy
is exceeding the energy of the direct components, causing the Subspace Method to
choose wrong eigenvectors that are located in the noise subspace. Figure 4.3b shows a
similar development for the fwsegSNR, where the subspace filtered signal outperforms
the unfiltered signal resulting in gains between 1.9 and 5.24 dB. It can be concluded
that the subspace filtered signal shows superior performance and robustness against
white Gaussian noise compared to the unfiltered signal. As mentioned in Chapter 3,
one assumption of the Subspace Method is, that the noise component is white, which
is basically fulfilled in this setup.

ASR rate [%]
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20
0
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(a) Comparison of the ASR rates.
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(b) Comparison of the fwsegSNR values.
Figure 4.3: Comparison of the ASR rates and fwsegSNR values for one speaker in room
A for different additive white Gaussian noise levels before and after filtering
through the Subspace Method.
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In the second scenario, depicted in Figure 4.4, no additional noise is added and
therefore the noise component only consists of reverberation. It can be seen from Figure 4.4a that there is no significant difference between the unfiltered and the subspace
filtered signal for different distances in room B and C. For room D however, ASR rates
significantly drop with increasing distances and constant gains around 12 percentage
points are achieved through filtering. The results indicate, that the ASR system is not
very susceptible to reverberation times T60 under 500 ms as the results are still close
to those of the clean source signal. This might result from the very limited amount of
words the ASR can distinct and better filtering results are expected for ASRs with a
larger database. In addition, the initial assumption of the ambient component being
completely uncorrelated to the direct component is not entirely fulfilled for reverberation, especially for shorter reverberation times, causing worse results than for white
Gaussian noise. It is apparent, that for the fwsegSNR, displayed in Figure 4.4b, the
subspace filtered signal shows a significantly higher performance than the unfiltered signal which underlines the robustness of the speech recognizer against reverberation. In
rooms C and D, for larger distances within the same room environment, the fwsegSNR
gains drop since for higher distances the estimation of the signal subspace might be
less accurate.

Finally, Figure 4.5 shows the results for adding 20 dB white Gaussian noise to
the second scenario displayed in Figure 4.4. While the subspace filtered signal only
exhibits small decreases in ASR performance compared to the second scenario, the
impact on the unfiltered signal is much bigger, resulting in good improvements. The
overall tendency of the fwsegSNR shows a similar development as in Figure 4.5b but
the line is shifted downwards due to the added noise.
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(a) Comparison of the ASR rates.
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(b) Comparison of the fwsegSNR values.
Figure 4.4: Comparison of the ASR rates and fwsegSNR values for one speaker in different reverberant environments before and after filtering through the Subspace
Method.

In summary, these results show that by applying the Subspace Method for one
speaker, improvements regarding both ASR rates and fwsegSNR can be achieved.
Hereby, the best performance increases are achieved for signals with high reverberation times or additive white Gaussian noise.
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(a) Comparison of the ASR rates.
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(b) Comparison of the fwsegSNR values.
Figure 4.5: Comparison of the ASR rates and fwsegSNR values for one speaker in different
reverberant environments with 20 dB additive white Gaussian noise before and
after filtering through the Subspace Method.
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4.3

Evaluation in the Blind Source Separation Scenario

Before investigating the results for the BSS scenario, one of the occurring obstacles
for two or more speakers, namely the permutation problem, is described. Therefore,
recall Property 3 of the Subspace Method, explained in Chapter 3, which defined
the signal subspace as Es = [e1 , ..., eD ]. Thereby, it was stated that Es consists of
the eigenvectors corresponding to the D dominant eigenvalues. However, the order of
those eigenvectors is dependent on the eigenvalues and as a result arbitrary permutation
EH
within the filter matrix W = Λ−1/2
s
s arises. Consequently, as the Subspace Method
acts as a self-organizing beamformer, for different frequencies different speaker positions
are focused. This phenomenon is visualized in the beampattern displayed in Figure 4.6a
which shows the angles for which the Subspace Filter attenuates or amplifies signal
components. Note, that especially the frequencies below 4 − 5 kHz are of interest
because most of the speech energy is concentrated in this range. The approach to solve
permutation chosen in this thesis is sorting the subspace filters such that for each of
the D = 2 beampatterns the maximum in each frequency points to the same direction.
The result of this approach is depicted in Figure 4.6b, showing decent performance
below 4.5 kHz, where the beams at +45◦ and −45◦ are clearly visible.

In the following, four different scenarios are investigated. Firstly, as a reference, the
mixed microphone signal before applying any filtering or separation is regarded. As
the BSS only requires two input signals, in this case the microphone signals 1 and 6
are taken. Moreover, the BSS performance is investigated with and without employing
the Subspace Method as a preprocessor. Finally, as mentioned in Chapter 3, the
Subspace Method works as a self-organizing beamformer and therefore the impact of
only applying the Subspace Method to the mixture of signals is taken into account as
well. The BSS system has two output channels and ideally each output only contains
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Figure 4.6: Beampattern for subspace filter W in room A.

one of the desired source signals. In order to verify the suppression, in addition to
measuring the ASR rates of the desired source signal, the ASR rates of the undesired
source are also regarded. In contrast to the desired source, the ASR rates for the
undesired source are aimed to be small. The following charts depict the average ASR
rates of both output channels for the desired and the undesired source, respectively.
The exact numbers for each output channel can be found in Tables A.4 to A.7.
Figure 4.7 shows the measurements of the ASR rates for different room environments. First of all, referring to Section 2.2, Figure 4.7a visualizes the impact of reverberation on BSS performance as the ASR rates show a tendency to fall with increasing reverberation times. Interestingly, the sole BSS algorithm clearly outperforms the
Subspace Method as well as the combination of the Subspace Method and the BSS.
Furthermore, it is striking that the two last-named approaches, both superior to the
mixed signal, do not show any significant difference in ASR rates to each other. Only
for room D all filtering approaches result in equal results. A similar tendency can be
observed in Figure 4.7b regarding the undesired sources where the BSS again shows the
best signal suppression resulting in the lowest ASR rates, followed by the combination
of BSS and Subspace Method.
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(a) Average ASR rates for the desired source.
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(b) Average ASR rates for the undesired source.
Figure 4.7: Average ASR rates for desired and undesired sources in different room environments.
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In Figure 4.8 the results for the experiments in room C with different additive
white Gaussian noise levels are illustrated. Again, the ASR rates of the desired source
signals for the Subspace Method and the combined approach are inferior to those of the
BSS algorithm, while the combined approach outperfoms the Subspace Method in this
setup. This order also counts for the suppression of the undesired signal as depicted
in Figure 4.8b.

One explanation for the worse performance of the Subspace Methode compared to
the BSS algorithm might be the permutation problem introduced beforehand. The BSS
requires directional information contained in the signals and permutation causes different frequencies approaching from different directions. Even though sorting the beampattern showed decent solutions for frequencies below 4.5 kHz, further research has
to show whether more sophisticated approaches can improve the results. Another outstanding observation is the very small performance increase for the Subspace Method
as a preprocessor for BSS compared to only using the Subspace Method. As the Subspace Method generally does a PCA by projecting the signal vector onto orthogonal
eigenvectors, the output signals of the Subspace Method are already subject to decorrelation. Consequently, as the BSS uses the correlation between the two signals in order
to decorrelate them, the improvements through BSS are minimal.

Overall, these results indicate that employing the Subspace Method as a preprocessor
for time-domain BSS cannot improve BSS performance with the methods presented in
this thesis.
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Figure 4.8: Average ASR rates for desired and undesired sources in room C2 for different
additive white Gaussian noise levels.
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Chapter 5

Conclusions & Future Work

After many years of research, BSS is still a very popular approach to separate observed
mixtures in order to receive the distinct source signals. One of the major problems
however, that significantly effects BSS performance, are reverberation and ambient
noise when the system is used in a real acoustic environment.

In this thesis, the Subspace Method, an algorithm to suppress those undesired interferences, has been employed and evaluated as a preprocessor for a BSS algorithm.
Preliminary investigations have been conducted to verify the basic functionality of the
Subspace Method for one speaker. Thereby, different room conditions with varying
reverberation times and different white Gaussian noise levels have been tested. The
results show solid improvements in terms of ASR rate for highly reverberant environments as well as for all scenarios where white noise has been applied. The fwsegSNR
increased significantly for all of the regarded scenarios. Afterwards, the BSS scenario
has been investigated and it has been shown that the Subspace Method itself as well as
the Subspace Method applied as a preprocessor for BSS lead to limited signal separation. It should be noted, that the latter only caused slight improvements compared to
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the sole Subspace Method most likely because the Subspace Method already decorrelates the signals. However, both scenarios show clearly inferior performance compared
to only applying the BSS algorithm. It is assumed that the main problem causing the
lower ASR rates is the permutation problem which has partially been solved by sorting
the beampattern.

In summery, the findings indicate that the Subspace Method in the frequency domain
does not improve the performance of the time-domain BSS algorithm with the presented
methods and is therefore not applicable as preprocessor. Further research has to show
whether a more precise solution for solving the permutation problem leads to better
results. Moreover, another approach could be to implement the Subspace Method in
the time domain in order to avoid the permutation problem.
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Appendix A

Tables of Evaluation Results
Table A.1: ASR rates and fwsegSNR values for one speaker in room A for different additive
white Gaussian noise levels.
Scenario

ASR rate [%]

fwsegSNR [dB]

unfiltered

subspace filtered

gain

unfiltered

subspace filtered

gain

A + 20 dB

87,2

89,5

2,3

8,86

14,10

5,24

A + 10 dB

61,3

81,0

19,7

1,34

6,26

4,92

A + 5 dB

26,6

70,0

43,4

-1,85

2,23

4,08

A + 0 dB

5,8

38,0

32,2

-4,21

-1,25

2,96

A + −5 dB

5,0

8,0

3,0

-5,70

-3,80

1,90
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Table A.2: ASR rates and fwsegSNR values for one speaker with varying reverberation
times at different distances.
Scenario

ASR rate [%]

fwsegSNR [dB]

unfiltered

subspace filtered

gain

unfiltered

subspace filtered

gain

B1

93,8

93,5

-0,3

13,90

18,30

4,40

B2

88,9

92,5

3,6

10,00

19,60

9,60

B4

92,0

91,5

-0,5

9,24

12,40

3,16

C1

90,0

91,5

1,5

11,30

20,50

9,20

C2

87,2

86,5

-0,7

9,13

13,20

4,07

C4

81,9

80,5

-1,4

7,19

8,31

1,12

D1

74,8

86,5

11,7

8,08

13,70

5,62

D2

47,8

61,0

13,2

4,40

6,72

2,32

D4

29,6

41,5

11,9

3,19

3,65

0,46

Table A.3: ASR rates and fwsegSNR values for one speaker with varying reverberation
times and 20 dB additional white Gaussian noise at different distances.
Scenario

ASR rate [%]

fwsegSNR [dB]

unfiltered

subspace filtered

gain

unfiltered

subspace filtered

gain

B1 + 20 dB

85,8

90,0

4,2

6,41

10,50

4,09

B2 + 20 dB

68,2

88,5

20,3

2,98

9,30

6,32

B4 + 20 dB

77,1

85,0

7,9

3,89

6,77

2,88

C1 + 20 dB

73,1

87,0

13,9

4,62

9,64

5,02

C2 + 20 dB

65,8

81,0

15,2

3,55

6,46

2,91

C4 + 20 dB

63,0

75,0

12,0

2,43

4,65

2,22

D1 + 20 dB

59,1

76,5

17,4

3,60

7,45

3,85

D2 + 20 dB

30,5

52,0

21,5

1,32

3,24

1,92

D4 + 20 dB

14,7

27,5

12,8

0,82

1,29

0,47
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Table A.4: Scenario: no BSS or Subspace Method.
Distinct ASR rates [%] of desired and undesired sources for two simultaneously
active speakers for different reverberant and noisy scenarios.
Scenario

desired signal
source 1

source 2

A

35,9

38,9

B2

33,8

C2

average

undesired signal

average

source 1

source 2

37,4

31,3

28,3

29,8

31,8

32,8

25,3

31,3

28,3

27,3

27,8

27,55

26,3

27,3

26,8

D2

12,1

11,1

11,6

10,1

11,1

10,6

B2 + 30 dB

32,8

28,8

30,8

23,7

28,8

26,25

B2 + 20 dB

25,8

24,7

25,25

23,2

22,2

22,7

B2 + 10 dB

14,1

16,2

15,15

11,6

12,6

12,1

Table A.5: Scenario: BSS only.
Distinct ASR rates [%] of desired and undesired sources for two simultaneously
active speakers for different reverberant and noisy scenarios.
Scenario

desired signal
source 1

source 2

A

92,9

92,4

B2

77,8

C2

average

undesired signal

average

source 1

source 2

92,65

8,08

7,58

7,83

83,8

80,8

9,09

9,6

9,345

49,0

56,1

52,55

10,6

8,08

9,34

D2

17,2

20,2

18,7

7,58

5,05

6,315

B2 + 30 dB

74,7

78,3

76,5

10,6

10,1

10,35

B2 + 20 dB

63,6

68,7

66,15

7,58

8,08

7,83

B2 + 10 dB

28,3

25,3

26,8

9,6

5,56

7,58
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Table A.6: Scenario: Subspace Method only.
Distinct ASR rates [%] of desired and undesired sources for two simultaneously
active speakers for different reverberant and noisy scenarios.
Scenario

desired signal
source 1

source 2

A

54,5

43,9

B2

43,9

C2

average

undesired signal

average

source 1

source 2

49,2

16,2

13,6

14,9

47,0

45,45

13,6

14,6

14,1

26,3

32,3

29,3

17,7

18,7

18,2

D2

17,2

18,7

17,95

7,6

8,58

8,09

B2 + 30 dB

46,0

35,9

40,95

13,1

11,6

12,35

B2 + 20 dB

40,9

39,4

40,15

9,6

14,6

12,1

B2 + 10 dB

25,3

25,3

25,3

7,58

8,59

8,085

Table A.7: Scenario: Subspace Method as a preprocessor for BSS.
Distinct ASR rates [%] of desired and undesired sources for two simultaneously
active speakers for different reverberant and noisy scenarios.
Scenario

desired signal
source 1

source 2

A

51,5

45,5

B2

43,4

C2

average

undesired signal

average

source 1

source 2

48,5

12,6

13,1

12,85

55,6

49,5

8,59

10,6

9,595

26,8

28,3

27,55

16,7

16,7

16,7

D2

21,7

18,7

20,2

6,06

7,07

6,565

B2 + 30 dB

53,0

37,9

45,45

13,6

7,58

10,59

B2 + 20 dB

47,0

50,0

48,5

10,1

10,6

10,35

B2 + 10 dB

22,7

26,3

24,5

7,07

7,07

7,07
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Appendix B

Abbreviations and Acronyms

ASR

automatic speech recognizer

ASR rate

automatic speech recognition rate

BSS

blind source separation

DS

Delay-and-Sum

DFT

Discrete Fourier Transform

FFT

Fast Fourier Transform

fwsegSNR

frequency-weighted segmental signal-to-noise ratio

LPC

linear predictive coding

MATLAB

MATrix LABoratory (C) The Mathworks, Inc.

PCA

Principal Component Analysis

RIR

room impulse response

SNR

signal-to-noise ratio

SOS

second-order statistics

STFT

short-term Fourier transform

TRINICON

Triple-N-Independent component analysis for convolutive mixtures
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Appendix C

Notation

C.1

Notation in General

fs

sampling frequency

ω

normalized frequency

t

block index

T60

Reverberation time

R(A)

vector space spanned by the column vectors of the matrix A
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C.2

Conventions

In this thesis the following conventions are used:
• Vectors are denoted by lower-case, bold-faced symbols.
• Matrices are denoted by upper-case, bold-faced symbols.
ˆ e.g., x̂.
• Estimates are denoted by (·),

C.3

Mathematical Operators

*

Time-domain convolution operator

(·)T

Transpose of (·)

(·)H

Conjugate transpose of (·)

(·)−1

Inverse of (·)

∂
∂W

Partial derivative of (·) with respect to W

bdiag

sets all submatrices on the off-diagonals of a matrix to zero

det{·}

Determinant of a matrix

IDFT{·} Inverse Discrete Fourier Transform
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