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Zusammenfassung
Blinde Quellentrennung beschäftigt sich mit der Rekonstruktion von Signalen, von
denen nur Signalgemische an Sensoren beobachtet werden koennen, ohne dass weitere
Informationen über den Mischprozess bekannt sind. Die vorliegende Arbeit behandelt insbesondere die Trennung von gefalteten Sprachsignalgemischen mit Hilfe von
Independent Component Analysis (ICA).
Im ersten Teil der Arbeit wird beschrieben, wie ungefaltete Signalgemische getrennt
werden können, wenn die ursprünglichen Signale statistisch unabhängig und nicht
normalverteilt sind. Mit dem FastICA Algorithmus wird dabei ein praktisches Verfahren erläutert. Anschliessend wird aufgezeigt, wie das Problem der blinden Quellentrennung von gefalteten Signalgemischen beim Wechsel vom Zeit- in den Frequenzbereich auf ungefaltete Gemische zurueckgeführt werden kann.
Der Schwerpunkt der Arbeit liegt auf überbestimmter blinder Quellentrennung, bei
der die Anzahl der Sensoren die Anzahl der Signalquellen uebersteigt. Es zeigt sich,
dass dieses Problem mit Hilfe von kritisch bestimmter blinder Quellentrennung gelöst
werden kann, bei der die Anzahl von Signalquellen und Sensoren übereinstimmt, wenn
ein Unterraum des Signalvektorraums betrachtet wird. Für den verwendeten ICA
Algorithmus erwies es sich als vorteilhaft, wenn der Unterraum vor der eigentlichen
Signaltrennung ausgewählt wird. Zwei Ansätze zur Bestimmung des Unterraums,
basierend auf Principal Component Analysis bzw. geometrischen Überlegungen, wurden eingehend miteinander verglichen.
Durch experimentelle und analytische Untersuchungen konnte die Erkenntnis gewonnen werden, dass bei tiefen Frequenzen beide Ansätze ein ähnliches Verhalten aufweisen.
Dies lässt sich darauf zurückführen, dass die PCA-basierte Methode in diesem Fall automatisch die Sensoren mit dem grössten Abstand auswählt, wie es auch aufgrund der
geometrischen Überlegungen sinnvoll erscheint. Bei hohen Frequenzen ist der PCAbasierte Ansatz im Vorteil, weil er aufgrund der passenden Phasendifferenz zwischen
den Sensoren alle Sensorpaare einsetzen kann, um Rauschen zu unterdrücken. Ohne
zusätzliches Rauschen zeigen beide Ansätze auch bei höheren Frequenzen eine vergleichbare Trennleistung, da der Vorteil der Rauschunterdrückung nicht zum Tragen
kommt.
Die Ergebnisse vertiefen das Verständnis des PCA-basierten Ansatzes aus einer geometrischen Perspektive.
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Abstract
Blind source separation (BSS) addresses the problem of estimating original source
signals using only sensor observations that are mixtures of the original signals. This
thesis deals in particular with the problem of BSS for convolutive mixtures of speech
signals by applying techniques of independent component analysis (ICA).
Initially, a description of the method of estimating the source signals from their instantaneous mixtures is given. Here, we assume that the original source signals are
mutually independent and have a non-Gaussian probablility density function. In
particular we consider a fixed point ICA algorithm that is based on higher order
statistics and maximizes non-Gaussianity. Following this, by switching from the the
time-domain to the frequency-domain, we show that the problem of BSS of convolutive mixtures can be reduced to that of BSS of instantaneous mixtures.
The major contribution of this thesis is to the problem of overdetermined BSS where
the number of sensors exceeds the number of source signals. As it turns out, by employing a subspace processing stage, this problem can be narrowed down to criticallydetermined BSS where the number of sensors and sources are equal. We found that
for the utilized FastICA algorithm it is most advantageous if we employ the subspace
processing before the separation of the mixtures. We present experimental and analytical results from the comparison of two previously proposed subspace approaches.
One is based on principal component analysis (PCA), the other one is based on
geometrical considerations.
Our results show that, for low frequencies, the PCA-based method exhibits a similar
behavior to that of the geometry-based method. This is a result of the PCA-based approach automatically emphasising the outer sensors with larger spacing as suggested
by the geometry-based approach. For high frequencies, the PCA-based approach performs better when exposed to noisy speech mixtures. This is because in contrast to
the geometry-based approach it can utilize all pairs of sensors for high frequencies to
suppress the noise. Without the addition of noise both approaches perform similarly
as the noise suppression advantage of the PCA based method has no effect.
This thesis deepens our understanding of the PCA-based method from a gemetrical
point of view.
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Abbreviations
ASJ

Acoustical Society of Japan

BSS

Blind Source Separation

dB

decibel

DOA

Direction of Arrival

ICA

Independent Component Analysis

kurt

kurtosis

LSE

Least Square Error

MUSIC

Multiple Signal Classification

PCA

Principal Component Analysis
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Real World Computing Partnership

SNIR

Signal-to-Noise plus Interference Ratio

SNR

Signal-to-Noise Ratio

STDFT

Short-Time Discrete Fourier Transform

STFT

Short-Time Fourier Transform
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Symbols
∗

Convolution

.H

Conjugate transpose

|·|

Absolute value

·

∗

|| · ||

Complex conjugate

Euclidean norm

Exp1 := Exp2

Exp1 is defined by Exp2

α

Weighting factor

βji

Phase factors

γ

Lagrange multiplier

δ

Modified Lagrange multiplier



Threshold for FastICA

Λ, Λ̃

Diagonal matrix with eigenvalues

λi , λ̃i

Eigenvalues

∇

Nabla operator

θji

Direction of arrival of source i with regard to sensor j

θi

Approximated direction of arrival of source i

µ

Discrete frequency parameter

ρjj , ρ̃jj

Scaling factors

σn

Noise variance

ω

Phase factors

aj

Real part of pj

bj

Complex part of pj

C

Complex numbers

c

Sound velocity

cji

Absolute value Hji (f )

ci

Approximated value of cji

D

Block overlap for STDFT

di

Distance between sensor number i − 1 and i (d0 = 0)

E{·}

Expectation value

E

Matrix with eigenvectors

eli

Energy contribution of source number i to output number l

f

Continuous frequency parameter

f (·)

Probability density function

G(·)

Nonlinear function
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g(·)

Derivative of G(·)

H

Instantaneous mixing matrix

H(f )

Mixing matrix in frequency domain

H+

Pseudoinverse of mixing matrix H

Hji (f )

Element of H(f )

hj

−1
Columns of HWpermu

hji

Attenuation from source i to sensor j

hji (t)

Room impulse response from source i to sensor j

I

Identity matrix

i

Index

j

Index, imaginary unit

JG

Cost function (measure for non-Gaussianity)

K

Relevant window length of windowing function

L

Framesize of STDFT

l

Index (summing up distances)

M

Number of sensors / BSS inputs

m

Discrete time parameter of STDFT

N

Number of sources / BSS outputs

n(t), ñ

Noise vectors

p

Eigenvector corresponding to a principal component

pj

j-th element of p

RXX

Covariance matrix of mixed signals (in general with noise)

RX̃X̃

Covariance matrix of mixed signals (without noise)

RSS

Covariance matrix of source signals

RNN

Covariance matrix of noise

r

Parameter of G(·)

Si

i-th source signal in frequency domain

S

Vector with source signals Si in frequency domain

si

i-th source signal in time domain

s

Vector with source signals si in time domain

T

Number of samples

t, τ

Continuous time parameters

W

Unmixing matrix

WICA

Separation matrix

WP CA

P CA
WP CA := Wwhite Wsub

Wpermu

Permutation matrix

Wrescale

Rescaling matrix
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Wscale

Scaling matrix

Wsep

Separation matrix

Wsub

Subspace processing matrix

geo
Wsub
P CA
Wsub

Geometry-based subspace processing matrix

Wwhite

Whitening matrix

w+,i

Row vector of separation matrix WICA

w(τ ), w[k]

Windowing function

Xj

j-th mixed signal in frequency domain

X

Vector with mixed signals Xj in frequency domain

xj

j-th mixed signal in time domain

x

Vector with mixed signals xj in time domain

yi

i-th output signal in time domain

yli

Part of output l that comes from source i

y

Vector with output signals yi in time domain

zj

j-th whitened signal in time domain

z

Vector with whitened signals zj in time domain

PCA-based subspace processing matrix
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Chapter 1
Introduction
Blind source separation (BSS) is a technique for estimating original source signals
using only sensor observations that are mixtures of the original signals. The term
’blind’ refers to the fact that there is no other information available besides the
observations itself. In particular, the sources and the mixing system is unknown. If
source signals are mutually independent and non-Gaussian (or non-stationary), we
can employ independent component analysis (ICA) to solve a BSS problem.
BSS is a versatile tool in a variety of situations for the reason that only few but
nethertheless realistic assumptions are made. The applications reach from the separation of biomedical signals over financial market analysis and image processing to
telecommunication. They all have in common that the original sources reveal more
information than mixtures of original sources for example about a patient’s condition
or the contents of an image. However, often only mixtures of hidden sources can be
obtained, for example electroencephalograms (EEG) or mixtures of communication
channels [10].
Another huge appliation field for BSS is audio signal processing. We encounter the
problem of source separation in our daily life where we have to focus our attention
to a particular speaker while there is a lot of interference from surrounding people
and noise. This is often referred to as the cocktail party problem. In this thesis
we concentrate on the separation of mixed speech signals that are recorded in a
reverberant acoustic environment.
In a reverberant environment we have to account for the convolutive nature of the
mixtures. This can be done by switching to the frequency domain where the convolutive BSS problem reduces to an instantaneous BSS problem. Thus, in the first section
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of chapter 2 we explain the basic principles of BSS for instantaneous mixtures based
on ICA. We describe in particular the FastICA algorithm. In Sec. 2.2 we address the
issues which must be taken in to account if switch to the frequency domain.
The emphasis of this thesis is placed on overdetermined BSS, where the number of
sensors exceeds the number of sources. Although in many cases equal numbers of
source signals and sensors are assumed [10], using an overdetermined systems often
yields better results [14, 19, 35]. In chapter 3 we extend the basic framework from
chapter 2 to overdetermined BSS. In particular we describe two previously proposed
subspace approaches that reduce the problem of overdetermined BSS to the problem
of critically-determined BSS where the number of sources and sensors is equal. The
subspace methods are based on principal component analysis (PCA) and geometric
considerations, respectively [5, 29].
In chapter 4 we compare both subspace methods more thoroughly in particular for 2
sources and 3 sensors. The presented experimental and analytical results explain why
the PCA-based approach automatically selects the outer two sensors for low frequencies. This leads to a similar behavior of the PCA- and geometry-based approaches
and provides a better understanding of the PCA-based approach..
Finally, in chapter 5, we present the results from overdetermined BSS based on the
two subspace approaches, that compare the separation performance using real world
data in a reverberant environment. We explain why the PCA-based approach yields
better results than the geometry-based approach if exposed to noisy speech mixtures.

Chapter 2
General framework of BSS
In this chapter we explain the basic principles of BSS based on ICA. Though our goal
is to separate convolutive speech mixtures, we begin with the separation of instantaneous, complex mixtures and explain it in detail in Sec. 2.1. As we show in Sec. 2.2,
the separation of instantaneous mixtures gives the basic module for separating convolutive mixtures if we approach the problem in the frequency domain.

2.1

BSS for instantaneous mixtures

Instantaneous mixtures represent the most simple case in BSS. After describing the
mixing model and the respective assumptions, we explain the process of separating the
mixtures, paying special attention to the FastICA algorithm proposed by Hyvärinen
et al. [10].

2.1.1

Underlying model

We consider a linear mixing model with N discrete source signals si (t) ∈ C, (1 ≤ i ≤

N ) represented in the N -dimensional complex vector space by


s1 (t)
 . 
N
. 
s(t) := 
 . ∈C
sN (t)

(2.1)

where t denotes the continuous time parameter. In the context of ICA we consider
each source signal si (t) as a continuous random variable si . Depending on the particular ICA algorithm, different assumptions with respect to their stochastic properties
15
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Sources

Sensors

Figure 2.1: Basic mixing model for instantaneous mixtures
are made. Inherent in all algorithms is the assumption that the source signals are
statistically independent, i.e.
f (s1 , . . . , si , . . . , sN ) = f (s1 ) · . . . · f (si ) · . . . · f (sN )

(2.2)

where f (si ) denotes the probability density function (pdf) of signal si [25]. Since
source signals with a Gaussian distribution are statistically independent, even if they
are mixed, at least one more assumption is made. Most ICA algorithms either assume
non-Gaussian pdfs or non-stationarity. The algorithm we employed is based on the
assumption of non-Gaussian pdfs. Since we deal with audio signals, we can narrow
them down to super-Gaussian pdfs [20]. This means that the kurtosis kurt(si ) defined
for the zero-mean random variable si by
kurt(si ) = E{s4i } − 3 E{s2i }
is positive. E{·} denotes the expectation value.

2

(2.3)

Besides the source signals s(t) we consider M linearly aligned sensors, at which we can
observe M mixed signals xj (t) ∈ C, (1 ≤ j ≤ M ) represented in the M -dimensional
complex vector space by


x1 (t)


..
 ∈ CM
x(t) := 
.


xM (t)


(2.4)

We can now describe the mixing process by a linear mapping
H : CN → CM
where H is given by a complex valued M × N

h11 · · · h1N
 .
..
...
.
H=
.
 .
hM 1 · · · h M N

mixing matrix


 ∈ CM ×N


(2.5)

(2.6)
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This yields
x(t) = Hs(t)

(2.7)

We assume that H has full rank. The case that H does not have full rank can be dealt
with by underdetermined BSS. Each element hji ∈ C of the mixing matrix H can

be considered as attenuation factor of the signal si (t) when it is recorded at sensor
number j.
Depending on the relationship between the number of sensors M and the number of
sources N , we can distinguish three different types of BSS systems. Following the
notation in [21] we have
• M < N : underdetermined BSS

This type is not be considered in the present thesis. More information on this
topic can be found e.g. in [34].

• M = N : critically-determined BSS
• M > N : overdetermined BSS; sometimes, if coming from a mathematical point
of view, it is referred to as the undercomplete basis problem [14]

2.1.2

Separating mixed signals

To obtain the original source signals s(t) from the observed signals x(t) we want to
find an inverse linear mapping
W : CM → CN

(2.8)

that inverts the mixing process and separates the mixed signals x(t). W can be
described by a N × M unmixing matrix which yields
y(t) = Wx(t)

(2.9)


y1 (t)
 . 
N
. 
y(t) = 
 . ∈C
yN (t)

(2.10)

W·H=I

(2.11)

where


denotes the separated output signals. Ideally the unmixing matrix W would fulfill
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where I denotes the unity matrix. Due to ambiguities that are addressed in more
detail in Sec. 2.2.3, we allow for scaled versions of the original signals with a different
order. We note that even in the ideal case the unmixing matrix is not necessarily the
pseudoinverse. By definition, we do not know the mixing matrix H, i.e. we cannot
invert the mixing matrix directly. Therefore we need other approaches that exploit
specific characteristics of the signals to separate them.
One of these approaches is ICA, which is based on the assumption made in Sec. 2.1.1
that the original sources are statistically independent. Mixing several independent,
non-Gaussian source signals s(t) in a way described by Eq. (2.7) means generating
mixed signals x(t) that are statistically dependent. ICA builds on this fact by unmixing the observed signals x(t) in a way that gives statistically independent output
signals y(t). It can be shown that this reconstructs the original source signals [10].
In the case of statistically independent source signals with Gaussian pdfs, even mixtures of these signals would be statistically independent [25]. Thus we would not be
able to separate them only based on statistical independence. This leads to the assumption that our source signals s(t) have non-Gaussian pdfs, which is true for speech
signals. According to the central limit theorem, the sum of independent, equally distributed random variables converges to a Gaussian distribution even if the initial pdf
is non-Gaussian. This implies that the pdf of a mixture of statistical independent
source signals is closer to a Gaussian distribution than the original pdfs. Under the
given conditions, non-Gaussianity and statistical independence are to a certain extent interchangeable. This fact can be exploited by searching for an unmixing matrix
W that maximizes non-Gaussianity of the separated signals to find the independent
components. The maximization must be done with the constraint that the variance
of the separated signal remains constant. The algorithm we implemented is built on
this principle and described in the following.
As we show in chapter 3 we can reduce overdetermined BSS to critically-determined
BSS. Thus we restrict ourselves in the remainder of the present chapter to criticallydetermined BSS with M = N . Since we assumed that the mixing matrix H has full
rank it is non-singular and therefore invertible. The case of H being singular can be
dealt with by underdetermined BSS.

19
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Whitening

The ICA algorithm we employed is derived using the assumption that the mixed
signals have unit variance and are uncorrelated [6]. If the mixed signals do not
comply with this assumption we can employ a preprocessing step that normalizes
and uncorrelates them. This is often called whitening or sphering [10]:140. It is a
linear operation and can be described by a whitening matrix Wwhite . To distinguish
the unprocessed mixed signals x(t) observed at the sensors from the whitened ones,
we denote the latter by z(t). Then we can write
z(t) = Wwhite x(t)

(2.12)

E{zzH } = I

(2.13)

with

due to the normalized and uncorrelated nature of z. ·H denotes the hermitian op-

erator. The problem of decorrelation can be addressed by e.g. principal component
analysis (PCA). It is closely related to ICA, since making signals independent includes
making them uncorrelated. Following the idea of PCA, we determine the symmetric

correlation matrix Rxx of the mixed signals x and do the eigenvalue decomposition
as given in Eq. (2.14).
Rxx = E{xxH } = EΛEH

(2.14)

E denotes the unitary matrix of the eigenvectors of Rxx and Λ the diagonal matrix
of the corresponding eigenvalues. We can then write the whitening matrix Wwhite as
1

Wwhite = Λ− 2 EH

(2.15)

which can be easily verified by
1

1

1

1

E{zzH } = E{Λ− 2 EH xxH EH Λ− 2 } = Λ− 2 EH Rxx EΛ− 2 = I

(2.16)

ICA
After we have uncorrelated signals z with unit variance, ICA only has to provide an
N × N unitary matrix
WICA




H
w+,1
 . 
. 
:= 
 . 
H
w+,N

(2.17)
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for rotating the random variables and thereby making them independent. We call
the vectors w+,i unmixing vectors. Unitarity implies that the row or column vectors,
respectively, are mutually orthogonal and that
H
WICA WICA
=I

(2.18)

We employed FastICA, as presented in [10], to obtain independent and, therefore,
separated signals. Since we deal with complex numbers, we use the complex valued
version of FastICA, which is derived in details in [6].
FastICA, in general, is a fixed-point algorithm1 that is based on maximizing nonGaussianity, as mentioned earlier. It can also be classified as a deflationary algorithm.
This means that it yields the unmixing vectors w+,i one after another instead of
computing them in parallel by determining the unmixing matrix WICA as a whole.
As measure for non-Gaussianity to be maximized, the contrast function

H
JG (w+,i ) = E G(|w+,i
z|2 )

(2.19)

is used where G : R+ ∪ {0} → R denotes a smooth even function for real, nonnegative

numbers. Together with the constraint

H
E{|w+,i
z|} = ||w+,i ||2 = 1

(2.20)

where || · || denotes the Euclidean norm, the basic algorithm in Eq. (2.21) can be

derived, by which the unmixing vector w+,i for a single output signal yi can be
gradually improved until the difference between consecutive unmixing vectors falls
below a certain threshold .


H
H
H
H
H
w+,i ← E z(w+,i
z)∗ g(|w+,i
z|2 −E g(|w+,i
z|2 ) + |w+,i
z|2 g 0 (|w+,i
z|2 ) w+,i (2.21)

·∗ denotes the complex conjugate and g(·) the derivative of the nonlinear function

G(·), which was here chosen as

G(x) = log(r + x)

(2.22)

where is an arbitrary parameter that we set to r = 0.1 according to [6]. To account for
Eq. (2.20) we must normalize the unmixing vector w+,i each time it gets improved.
w+,i ←
1

w+,i
||w+,i ||

(2.23)

Iterative algorithm of the form xn+1 = f (xn ), (n = 0, 1, 2, ...; x0 given) for solving a fixed-point

equation of the form x = f (x) [8]
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The initial value for w+,i from the point at which the iteration starts can be chosen
arbitrarily. When w+,i has converged, it yields one unmixing vector, corresponding
to one independent component. To obtain several unmixing vectors, we repeat this
procedure as many times as there are still signals to be separated. Thereby, we must
ensure that the unmixing vectors do not converge to the same solution. We know that
an unmixing vector must be orthogonal to all other unmixing vectors. Thus, before
we normalize an unmixing vector, we first orthogonalize it by the Gram-Schmidt
algorithm with respect to already existing unmixing vectors.
w+,i+1 ← w+,i+1 −

i
X

H
w+,l w+,i+1
w+,l

(2.24)

l=1

Its basic idea is to remove all non-orthogonal components with the result that only
the orthogonal component remains. After we obtained all desired unmixing vectors
wi we can summarize them in the separation matrix WICA .
In conclusion, we arrive at the unmixing matrix W in a 2-stage process. First we
calculate a whitening matrix Wwhite that yields uncorrelated and normalized signals.
Based on these signals, we can compute the actual separation matrix WICA , which
gives
W = WICA Wwhite

(2.25)

Then we obtain the separated signals y(t) by applying the unmixing matrix W to
the mixed signals x(t).
y(t) = Wx(t)

(2.26)

The block diagram of the basic ICA module is given in Fig. 2.2

2.1.3

Influence of noise

Let us consider an instantaneous mixing model where we have uncorrelated, Gaussian
noise with equal variance added to the sensors.
x(t) = Hs(t) + n(t),

E{nnH } = I

(2.27)

We assume that the noise is uncorrelated to the source signals s(t). We can rewrite
this noisy mixing model as [10]:294
x(t) = H (s(t) + ñ(t))

(2.28)
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Figure 2.2: Basic module for instantaneous source separation
by defining virtual noise
ñ(t) := H+ n(t)

(2.29)

where H+ denotes the pseudoinverse of H. Now we can further define virtual noisy
source signals by
s̃(t) := s(t) + ñ(t)

(2.30)

x(t) = Hs̃(t)

(2.31)

which yields

Obviously the virtual source signals s̃(t) are still independent and have a non-Gaussian
pdf, i.e. they comply with the assumptions made in Sec. 2.1.2 for ICA. The mixing
matrix is not changed by the noise. Thus we can still employ ICA to separate the
mixed signals x(t). The mixing matrix and, therefore, the unmixing matrix, are not
affected by noise at all. However, while the independent components contain the
separated source signals, they are distorted by noise, which becomes clear when we
apply the ideal unmixing matrix to the mixed signals.
Wx = W(Hs(t) + n) = s(t) + Wn

(2.32)
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Figure 2.3: Convolutive mixing model
Therefore ICA can be employed to separate noisy mixtures but additional measures
are necessary to remove the noise. As we point out in Sec. 3.2, overdetermined BSS
combined with an appropriate preprocessing step yields a possibility to achive this
noise reduction.

2.2

BSS for convolutive mixtures

In section 2.1 we explained basic principles of BSS based on ICA for instantaneous
mixtures. In the present section we enhance the idea of BSS to convolutive mixtures.
This type of mixture is common in real world speech applications where reverberation and time-delays cannot be neglected. After describing the underlying model, we
show how the separation of convolutive mixtures can be reduced to the separation
of instantaneous mixtures. Then we discuss issues that always arise from indeterminancies of the separation process, to which special attention must be paid when
considering convolutive mixtures.

2.2.1

Convolutive mixing model

Dealing with speech signals, we consider a reverberative room with time-independent
properties, where delayed and attenuated versions of the original source signals arrive at the sensors as indicated in Fig. 2.3. We account for this situation by timeindependent room impulse responses that reflect the characteristics of the environment and depend on the position of source and sensor, respectively. Thus, before a
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signal from source number j arrives at sensor number i, it is convoluted by an impulse
response hij (t). Using the same notation for source signals s(t) and mixed signals
x(t) as in Sec. 2.1.1, the output xj (t) at sensor j can be computed by
xj (t) =

N Z
X
i=1

∞
τ =−∞

si (τ ) · hji (t − τ ) =

N
X
i=1

si (t) ∗ hji (t)

(2.33)

where ∗ denotes the convolution. This means that the scalar elements of H in Eq.(2.7)
become filters.

If we assume time-limited signals we can switch to the frequency domain by the
Fourier transform. Then the convolution turns into a multiplication and we obtain
a time-independent mixing matrix H(f ) in the frequency domain, where f denotes
the frequency parameter. We further assume a far-field situation where the distance
between sources and sensors is very large, compared to the distance between the
sensors, which holds for many applications with sensor arrays [7]:3. Then we can
approximate the wave fronts arriving at the sensors by plain wave fronts (Fig. 2.4).
This leads to a common model in array processing and we can express the frequencySource i

PSfrag replacements

θi
d1

Sensors

d2

Figure 2.4: Definition of source direction
dependent mixing matrix H(f ) by
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(2.34)

where cji accounts for the attenuation and eβji for the phase delay. βji is given by
2πf cos(θji )
βji =
c

Pi−1
l=0

dl

(2.35)

where θji denotes the direction of arrival (DOA) of source i with regard to sensor
j and c the sound velocity. dl stands for the distance between the linearly aligned
and consecutively numbered sensors number l − 1 and l. d0 is set to zero, since we
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assume that the first sensor serves as a reference point. Due to reverberation, θji does
not necessarily coincide with the angle that is related to the physical position of the
source and might vary depending on the frequency in practice.

2.2.2

Separating signals

For separating convolutively-mixed signals, we can distinguish between two fundamentally different kinds of approaches. One possibility is applying ICA in the time
domain [1]. The other possibility, which we employed in this thesis, applies ICA in
the frequency domain [31]. It is advantageous in that it allows frequency dependent
and, therefore, narrowband algorithms. Therefore, as explained in the following, we
can easily employ the same principles as we did for instantaneous mixtures. This is
computationally less expensive than time-domain approaches.
Applying the Fourier transform to the observed signals does not change the mixing
matrix [10]:365. However, switching to the frequency domain reduces the problem of
finding filters with many parameters to finding simple unmixing matrices with scalar
elements depending on the frequency. This is similar to solving the ICA problem for
instantaneous mixtures, except for the fact that an additional scaling and permutation
problem occurs.
The short-time Fourier transform (STFT) is a capable means to obtain time dependent frequency-domain representations Xj (f, m) of the time-domain mixtures x(t)
[16, 24]:
Xj (f, t) = STFT(x(t)) :=

Z

∞
τ =−∞

x(t + τ ) · w(τ )e−j(2πf )τ dτ

(2.36)

where w(t) represents a windowing function and τ denotes the time shift. The STFT
accounts for the short time stationarity of speech signals and provides the necessary
time resolution in each frequency bin to estimate the expectation values [18]. In the
frequency domain we can replace the convolution in Eq. (2.33) by a multiplication
and we obtain
Xj (f, t) =

N
X
i=1

Hji (f ) · Si (f, t)

(2.37)

where Si (f, t), similar to Xj (f, t), denotes the frequency-domain time-series representation of the time-domain source signal si (t). Summarizing the sources and mixtures
in the same way as in Sec. 2.1.1, we obtain
X(f, t) = H(f )S(f, t)

(2.38)
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Figure 2.5: Frequency-domain BSS
where H(f ) is the frequency dependent M × N mixing matrix from Eq. (2.34) com-

posed by the Hji (f ). X(f, t) and S(f, t) are the STFTs of x(t) and s(t) respectively.

Equation (2.38) has basically the same structure as Eq. (2.7), i.e. the problem of
convolutive mixtures is hereby transformed to instantaneous mixtures that are frequency dependent. Since the mixing and therefore the unmixing matrix at a specific
frequency instance do not depend on the mixing matrix at other frequency instances
we can apply the method described in section 2.1 to obtain an unmixing matrix W(f )
for each frequency instance. When we have obtained the frequency dependent unmixing matrix, we must solve the permutation and scaling problem. They are addressed
below in more detail. To obtain unmixed time-domain signals, we can calculate impulse responses by the inverse Fourier transform (IFT) from W(f ) and convolute
them with the mixed signals. In contrast to separating the signals in the frequency
domain this avoids the overhead and difficulties which would arise in practice from
inverting the STFT due to the windowing.
The diagram explaining the data flow is shown in Fig. 2.5. In summary, we see that
obtaining the unmixing system can be achieved by applying well known techniques
of instantaneous BSS in the frequency domain. Thus, for our further considerations,
we assume that we are in the frequency domain and apply the described algorithms
and ideas in the frequency domain.
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Figure 2.6: Rescaling

2.2.3

Scaling and permutation problem

Two important issues that must be addressed with frequency-domain ICA are the
scaling and permutation problem [4, 13, 30, 32]. They arise from the fact that the
independence of the separated signals is not affected by a constant, complex valued
factor or the order of the signals. Due to these ambiguities in ICA, the order and
power of the separated signals might be different from the order and power of the
source signals. These problems are also present with instantaneous mixtures, but
often do not play an important role. However, they can have serious effects on the
performance of separating convolutive mixtures, particularly with frequency-domain
ICA. The reasons and possible solutions are discussed in the following. For simplicity’s sake we consider the mixing and unmixing matrix in the present section at
discrete frequency instances and relate to them by the term ’frequency bins’.

Scaling Problem
In frequency-domain ICA, we compute an unmixing system for every frequency bin.
Since each frequency bin can have its own, independent scaling factors, they form the
frequency response of a filter. If this ambiguity is not resolved, it results in filtered
versions of the original signals, which does not influence their statistical independence
and complies with the fact that filtering the signals does not influence the mixing
matrix [10]:264. Thus, we must rescale the signals that are separated by ICA (Fig.
2.6)
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The method we use to solve the scaling problem is based on the idea of Ikeda et al.
[12] and is also utilized for dewhitening in time-domain ICA [1]. We define Wscale
as a diagonal matrix with the scaling factors sjj on its diagonal and Wpermu as a
permutation matrix that has only a single 1 in each column and row. Then we can
write the unmixing matrix W with Wsep := H−1 as2

ρ11
0

.
..
W = Wscale Wpermu Wsep = 

0
ρM M




 Wpermu H−1


(2.39)

Following Ikeda et al. [12] we put the separated signals back to the sensor input with
−1
the inverse W−1 of the unmixing matrix. Denoting the columns of HWpermu
by hj

we get
W−1 = (Wscale Wpermu H−1 )−1

(2.40)

−1
−1
Wscale
= HWpermu

ρ−1
0
11

...
−1

= HWpermu

0
ρ−1
MM
i
h
−1
=
ρ−1
h
·
·
·
ρ
h
11 1
MM M

(2.41)





(2.42)

(2.43)

Defining the columns of the unmixing matrix W −1 as wj−1 we can write
wj−1 = ρ−1
jj hj

(2.44)

−1
Now we define ρ̃jj as the weighted sum of the elements wkj
of the column vector wj−1

and obtain:
ρ̃jj =

M
X
k=1

−1
αk wkj
=

M
X
k=1

−1
αk ρ−1
jj hkj = ρjj ·

M
X

¯
αk hkj = ρ−1
jj · hj

|k=1 {z

:=h¯j

(2.45)

}

Thus, we can multiply the unmixing matrix W with a diagonal matrix Wrescale given
by


2


Wrescale := 


ρ̃111
0

0
...
ρ̃1M M






(2.46)

We can always define the scaling matrix Wscale in a way so that the order of Wscale and

Wpermu as given in Eq. (2.39) is possible
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This yields
Wrescale W = Wrescale Wscale Wpermu H−1


h¯1
0


...
 Wpermu H−1
= 


¯
0
hM

(2.47)
(2.48)

As we can see, this removes the arbitrary scaling factor sii . The disadvantage is
that the output is now scaled by h¯j . We can influence this scaling by choosing the
weighting factors αk . For dewhitening used in time-domain ICA, where permutation
is not a problem, αk = 1 for k = j and αk = 0 for k 6= j was found to give the

best performance. In the case of accounting for the permutation problem, αk =

1
M

for k = 1, . . . , M has been proposed [1]. This choice gives a more balanced and,
therefore, robust solution, and was used in our implementation.
The scaling factors are complex. While we do not know the absolute values of the
gain factors of the mixing matrix, we can estimate the phase if we know the DOA.
By this we are at least able to adjust the phase more correctly. A common method
to estimate the DOA is the MUSIC algorithm [33]. If we know the DOA we can
estimate the frequency dependent mixing matrix in Eq. (2.34) assuming that ci = 1.
We now consider the complete transfer function from the sources to the output given
by WH, where H is the estimated mixing matrix. In the ideal case the phase should
be zero for all output signals3 . If the phase is not zero, we can align it and thereby
correct it.

Permutation problem
In the case of instantaneous mixtures the permutation problem is not as important
as in the case of convolutive mixtures because the order of the signals is not known
anyway. But once we start applying ICA in the frequency domain in each frequency
bin, the order of the separated signals plays a significant role. If we do not have the
same order in each frequency bin, we do not know which element belongs to which
frequency response. Normally ICA itself does not give the necessary information to
decide the correct order. Thus, other features of the signals must be exploited to bring
the signals into a defined order (Fig. 2.7). However, there exist some approaches of
so-called constrained BSS which make it possible to avoid the permutation problem
[26]. Other approaches avoid the permutation and scaling problem by employing
3

This ideal case might lead to non-causal frequency responses W
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Figure 2.7: Solving permutation
only part of the separation process in the frequency domain [10]:366. These are not
covered by this thesis.
Several approaches for solving the permutation problem exist. These have in common that they exploit features that are specific to each original signal and help to
relate the unmixing vectors of each frequency bin to a particular signal. These features can be e.g. the direction of arrival (DOA), statistical correlation or the null
direction if BSS is considered as a beamformer. While the performance of each single
method might not be satisfying and very dependent on the particular situation, it
can be improved by combining different approaches to exploit the advantage of each
[17]. However, the more signals must be brought into the correct order, the more
difficult the permutation problem becomes. A larger number of signals means that
the difference between the features becomes smaller, which makes it more difficult
to distinguish them. This is very obvious e.g. with the DOA. The more sources we
have, the closer their location is and the less the difference of the DOA becomes.

Theoretically optimal solution
For the reason of evalution, we avoided any negative influence of the permutation
problem by selecting the optimal permutation and thus aligning the frequency responses as best as possible. We calculated the frequency dependent energy eli (f ) in
dB of the contribution of each source i to each output l by

Z
2
eli (f ) = 10 log10
Yli (f, t)dt

(2.49)
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Yli denotes the part of the output Yl , (1 ≤ l ≤ N ), that comes from source number

i. Assuming that the output should have the order of the source signals, i.e. Yi = Si ,
after separating the mixed signals X, most of the energy of Si should go to the output
Yi (Fig. 2.8). Due to small separation errors, we also find some contribution of Si in
other output signals Yl , (l 6= i). However, its contribution, measured by the energy

is smaller than the contribution of Si to its correct output signal Yi . Thus, if the
order of the unmixing system is not correct, we have the highest contribution of S i
to an output Yl , (l 6= i) (Fig. 2.9). Then we can rearrange the order of the unmixing
system so that Yi gets the highest contribution of Si .

However, to implement this optimal solution the source signals and the mixing matrix
must be available. Thus this method is only suitable for evaluation and not for
practical application.

Chapter 3
Overdetermined BSS
The use of more sensors than the number of sources usually improves the separation
result. In particular, we can improve performance by means of noise reduction,
a technique known from beamforming theory [27]. In this chapter we extend the
critically-determined BSS approach from chapter 2 to overdetermined BSS with more
sensors than sources, i.e. we allow for M > N . We show that overdetermined BSS
can actually be reduced to critically-determined BSS. As seen in Sec. 2.2 we can
handle convolutive mixtures in the time domain by instantaneous mixtures in the
frequency domain. As we continue considering convolutive mixtures we assume that
our time-domain signals have already been transformed to the frequency domain.
Therefore, the algorithms and ideas presented in this chapter are all applied in the
frequency domain based on the model in Sec. 2.2.1.

3.1

General subspace selection

Let us consider the sensor signals S and separated output signals Y as elements of
the N -dimensional complex vector space, and the mixed signals X as elements of the
M -dimensional complex vector space.
S, Y ∈ CN , X ∈ CM ,

N <M

(3.1)

Then the mixing process can be described by a linear mapping H
H : CN −→ CM

(3.2)

and overdetermined BSS by a linear mapping W
W : CM −→ CN
32

(3.3)
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where CN is a subspace of CM . H is given by an M × N mixing matrix. Since we
assume that it has full rank and N < M , its rank is given by the number of sources N .

This relates to the assumption that two or more sources are not at the same position.
It is obvious that mapping the mixed signals X from the higher dimensional sensor
space CM to the lower dimensional output space CN includes selecting a subspace
or in other words reducing the dimensions. An important question is where in the
overdetermined BSS process we should optimally select the subspace. Basically we
can reduce the dimensions before or after finding independent components by ICA.
We can also use deflationary ICA itself to achieve dimension reduction. In the following we first discuss the best position for the subspace selection with respect to
the implemented ICA algorithm. It appears to be more advantageous to reduce the
dimensions before rather than after ICA. Then we describe two previously proposed
methods for subspace selection. We assume that we know the number of sources N .
If N is not known we can choose among several algorithms that were designed to
estimate N [33].

3.1.1

Subspace selection before or after ICA

Let us consider the virtual sources depicted in Fig. 3.1 that consist, for example, of
noise at the sensors. Then we might use a critically-determined BSS approach for M

Sources

Sensors

Output

BSS

Figure 3.1: Virtual source
mixed signals to separate them. Separating them would provide us with the desired
source signals but also with the virtual sources that we actually do not want. If
we now want to sort out the virtual sources we face a similar problem to the one
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that arises when solving the permutation problem, which appears when we apply
ICA to convolutive mixtures in the frequency domain [13, 30]. The more signals we
have, the more difficult it is to characterize the unmixing vectors of each frequency
bin uniquely and relate them to the unmixing vectors of adjacent frequency bins or
distinguish virtual and real sources.
We usually have more information before using ICA to select an appropriate subspace
than after using ICA. As explained in more detail in Secs. 3.2 and 3.3 it can be,
for example, the sensor spacing or the eigenvalues of the spatial correlation matrix
RXX . The eigenvalues give the covariances of the mixed signals and are closely
related to the power of both real and virtual source signals. However, since the
mixed signals become unmixed the sensor spacing information is lost during the
separation process. Similarly, due to the necessary step of normalizing the mixed
signals X before using FastICA (cf. Sec. 2.1.2) the covariances become distorted and
are no longer available. The latter is closely related to the problem that the power
and therefore the covariance of the virtual sources is very small. By normalizing
with the inverse square root of the covariance we therefore multiply with a large
number and emphasize the noise [10]:129. Most ICA algorithms besides FastICA
need normalization and therefore they are also affected by this problem. A promising
approach to avoid the normalization problem is given by non-holonomic algorithms
as proposed in [2]. However, the convergence speed might not be fast enough and we
do not consider them in more detail in this thesis.
In addition, reducing the dimensions before ICA reduces the risk of the ICA algorithm
overlearning due to the virtual sources [11]
Another advantage of dimension reduction before ICA becomes clear when we take
the computational workload into account. The subspace selection stage always has to
deal with as many signals as there are sensors whether it is employed before or after
ICA. In contrast, the number of signals that the ICA stage must process depends on
the position of the subspace selection stage. If it is employed before ICA, only the
reduced number of signals must be separated. Otherwise ICA must also process as
many signals as there are sensors. Thus we can save computational power and time if
we first select a subspace before using ICA. In other words, dimension reduction before
ICA constrains the search for independent components to a less costly subspace.
In conclusion we can state that for most ICA algorithms, including FastICA, it is more
advantageous to reduce the dimensions before rather than after employing ICA. We
can describe the subspace processing by an N × M matrix Wsub . Since we employ it
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before ICA WICA becomes a square N × N matrix.

3.1.2

Subspace selection by ICA

As mentioned earlier FastICA is a deflationary algorithm, i.e. it is in principle able
to separate one signal after another. This would make it possible to stop separation
after the desired number of signals is obtained and thereby reduce the dimensions.
This case resembles that where we assume virtual sources to enable us to apply ICA
to all sensor signals. Due to the permutation problem we cannot be sure that the
first N signals that we separate by FastICA belong to the original sources and not
to the virtual sources. Thus stopping separation when the desired number of signals
has been obtained may result in one or more noisy virtual components instead of
the correct components. Even worse, this bad separation result cannot be corrected
afterwards by solving the permutation problem since not all correct components were
separated. This problem might again be avoided if deflationary ICA algorithms were
used that allow constrained BSS. They can be initialized so that they separate the
same specified signal in every frequency bin and therefore avoid the permutation
problem.

3.2

PCA-based subspace selection

PCA can be used for whitening the mixed signals as explained in Sec. 2.1.2 and also
offers a very powerful mechanism for reducing the dimensions and so is widely used
with various applications [15]. As we have already shown, PCA in general gives principal components that are by definition uncorrelated. It has already been successfully
employed for example in [4, 5, 14] for dimension reduction in overdetermined BSS.
While in [14] the effects of PCA were only investigated for instantaneous mixtures,
in [5] and [4] PCA was applied to convolutive mixtures. However, the relationship
between sensor distance, frequency bin and subspace selection was not assessed.
In our context PCA is based on the spatial correlation matrix RXX of the mixed
signals X, which is similar to that in Eq. (2.14). Let us define the spatial correlation
matrix RSS of the source signals as

RSS := E SSH

(3.4)
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and likewise the noise correlation matrix RNN as

RNN := E NNH = σn2 I

(3.5)

where σn2 denotes the noise power. Both matrices are diagonal since the source signals
and the noise are statistically independent. Together with the M × N mixing matrix

H we can then write [4, 9]



RXX = E XXH = E (HS + N)(HS + N)H

= E (HS + N)(SH HH + NH )




= E HSSH HH + E HSNH + E NSH HH +E NNH
{z
} |
{z
}
|
=0

H

= HRSS H +

=0

σn2 I

(3.6)

We can decompose RX̃X̃ := HRSS HH by the eigenvalue decomposition (EVD) into
RX̃X̃ = EΛ̃EH

(3.7)

where





Λ̃ = 



λ̃1

0
...
λ̃N

0

0









(3.8)

denotes a diagonal matrix with the eigenvalues λ̃i of RX̃X̃ and E stands for the
respective eigenvectors. Without loss of generality, we can arrange the eigenvalues in
decreasing order with respect to their absolute value
|λ̃i | > |λ̃i+1 |

(3.9)

RX̃X̃ has M − N eigenvalues equal to 0 since H and RSS are of rank N [22, 27].
Together with Eq. (3.6) it follows from here that the EVD of RXX is given by [9]
RXX = EΛEH

(3.10)

where




Λ=


λ1
0






0



...
=
 


λM






λ̃1 + σn2
...

0
λ̃N + σn2
σn2

0

...
σn2













(3.11)
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i.e. the power of the N source signals S is concentrated in the first N eigenvalues,
whereas the noise power is uniformly distributed throughout the eigenvalues [5].
We obtain the principal components by projecting the mixed signals onto the eigenvectors of RXX . Then the first N principal components corresponding to the largest
eigenvalues contain a mixture of direct source signals and noise. By contrast the remaining principal components consist solely of noise. Thus by selecting the subspace
that is spanned by the first N eigenvectors, dimensions are effectively reduced by
removing noise while keeping the signals of interest [23].
Since PCA linearly combines the mixed signals, the noise reduction can be backed
up by the increase in the signal-to-noise ratio (SNR) known from array processing
[27]:13. In the ideal case of coherently adding together several sensors the increased
SNRnew is given by
SNRnew = log(M ) · SNRold

(3.12)

where M denotes the number of sensors and SNRold the SNR at a single sensor. The
SNR is defined as
SNR = 10 log10



signal power
noise power



(3.13)

The fact that PCA-based subspace selection effectively removes noise is also closely
related to the optimal behavior of PCA from the standpoint of information theory.
That is, subspace reduction by PCA preserves information as well as possible in the
least-squares sense [10]:267.
Due to the nature of the PCA-based subspace approach, whitening is already included, i.e. the whitened signals are calculated implicitly. However, if we consider
whitening and subspace selection as two different steps we first have to whiten the
signals before we can select the subspace. Thus the unmixing matrix W is given by
P CA
W = WICA Wsub
W
|
{z white}

(3.14)

:=WP CA

P CA
where Wsub
denotes the actual subspace selection matrix based on PCA. This leads
P CA
to the structure depicted in Fig. 3.2. We summarize Wsub
Wwhite by
P CA
WP CA := Wsub
Wwhite

(3.15)
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Figure 3.2: Overdetermined BSS with PCA-based subspace selection

3.3

Geometry-based subspace processing

Sawada et al. proposed a method for blind source separation using several separating
subsystems whose sensor spacings could be configured individually [29]. The idea is
based on the observation that BSS behaves like a beamformer in that it forms spatial
nulls in the jammer directions [3], i.e. the jammer is suppressed. From this it follows
that the optimal sensor spacing depends on the frequency. If the distance between
the sensors is larger than half the wave length spatial aliasing occurs. This means
that nulls are not only formed toward the jammer but also in other directions and
this downgrades the separation performance. The performance can also suffer from
a sensor spacing that is too small. In this case the resulting phase difference, which
plays a key role in separating signals, is too small, too. In other words low frequencies
prefer a wide sensor spacing whereas high frequencies prefer a narrow sensor spacing.
Therefore three sensors were arranged in a way that gave two different sensor spacings
PSfrag replacements
using one sensor as a common sensor as shown in Fig. 3.3.
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Figure 3.3: Geometry-based subspace selection [29]

The frequency range of the mixed signals was divided into lower and higher frequency
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ranges. According to [29], for a frequency to be adequate for a given sensor spacing
d the condition in (3.16) should be fulfilled.
f≤

αc
2d (cos(θ1 ) − cos(θ2 ))

(3.16)

Here α is a parameter that governs the degree to which the phase difference exceeds
π, c denotes the sound velocity and θi stands for the i-th source’s direction as shown
in Fig. 2.4. This result can be derived using the mixing model described in Sec.
2.2.1. The DOA can be estimated by the MUSIC algorithm [33]. Appropriate sensor
pairs were chosen for each frequency range and used separately for separation in each
frequency range. The mixed signals were whitened before ICA was applied to each
chosen pair. This means that subspace selection and whitening are two separate
steps, and their order is different from that in PCA-based subspace processing. Thus
the unmixing matrix W can be decomposed in the frequency domain into
geo
W = WICA Wwhite Wsub

(3.17)

geo
where Wsub
denotes the geometry-based subspace selection. This leads to the struc-

ture depicted in Fig. 3.4.
Input
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Figure 3.4: Overdetermined BSS with geometry-based subspace selection
The similarities and differences between the two subspace selection methods are summarized in Table 3.1.
Figure 3.5 shows the complete framework for overdetermined BSS. After the mixing
process there is a subspace processing stage followed by the actual ICA stage. The
subspace processing stage can be subdivided into a whitening stage and a dimension
reduction stage. The order is different in the two methods described here.
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Table 3.1: Summarized comparison
PCA-based selection

Geometry-based selection

Statistical considerations

Geometrical considerations

Different subspace for each fre-

Two different subspaces

quency range

3.4

First whitening, then dimension

First dimension reduction, then

reduction

whitening

Implemetation details

We used MATLABr to implement discrete versions of the above mentioned algorithms for BSS. Thus the signals, the mixing and unmixing system were sampled
in time and frequency domain. Thereby k denotes the discrete time and µ the discrete frequency. Instead of the STFT we employed the short-time discrete Fourier
transform (STDFT)
Xj [µ, m] = STDFT(x[k]) :=

L−1
X
k=0

x[m(L − D) + k] · w[k]e−j

2πµ
k
L

(3.18)
(3.19)

where m denotes the discrete time parameter, L the framesize or filter length, respectively, and D the block overlap. The possible values for µ are given by
0≤µ≤L−1
For w[k] we chose the Hann window
(

,
0.5 − 0.5 cos 2πk
K
w[k] =
0,

0≤k ≤K −1≤L−1

else

(3.20)

(3.21)

where K defines the relevant window length. The time-domain unmixing filters were
obtained by the inverse discrete Fourier transform.
Since we do not know the exact pdfs or expectation values we approximated the
frequency dependent expectation values by using time averages given exemplarily for
X by
T −1
1 X
X[µ, m]
E {X} ≈
T m=0

(3.22)
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where T denotes the number of available samples with regard to m. We assume finite
impulse response (FIR) filters.

Figure 3.5: General framework of overdetermined BSS
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Chapter 4
Geometric interpretation of the
PCA-based subspace approach
In this chapter we investigate the behavior of the PCA-based subspace approach
more closely and relate it to the geometry-based method. In particular we consider
a mixing model with N = 2 sources and M = 3 equispaced sensors.

4.1

Experimental results

The geometry-based subspace approach selects sensors according to the sensor position, DOA and frequency. In order to investigate the relationship between the
geometry- and PCA-based approaches we experimentally examined the behavior of
the PCA-based subspace method with regard to the resulting sensor selection. We
considered real and artificially generated source signals for the following reason.
Speech signals do not always comply with assumptions like uncorrelatedness and
independence, which are made when applying PCA and ICA to them. Therefore, so
that we could also assess the ideal behavior, we used artificial source signals with the
desired properties produced by a random generator in the frequency domain instead
of real speech signals. The super-Gaussian pdf f (Si ) of the frequency-domain source
signals Si is given by
f (Si ) = √

1
2

e

−

2
S3
i
2

(4.1)

2π|3Si3 |

It is depicted in Fig. 4.1 together with the Gaussian pdf for zero mean and unit
variance. In order to obtain mixtures from the artificial source signals we assumed
43
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Figure 4.1: Probability density functions
a frequency dependent mixing matrix H(f ) according to Sec. 2.2.1. As we already
mentioned, the DOA θji does not necessarily coincide with the angle that is related
to the physical position of the source and might vary depending on the frequency.
However, for theoretical analysis we can approximate a fixed DOA for each source by
[29]
θji ≈ θi

(4.2)

Since we assume a far-field situation, we can also neglect the difference in attenuation
between different sensors for a particular source signal. Thus, we assume that each
source signal has a specific, but constant, attenuation at each sensor given by
cji ≈ ci

(4.3)

This yields a simplified mixing matrix

c1 ejβ11 . . . cN ejβ1N

..
..
...
H(f ) = 
.
.

c1 ejβM 1 . . . cN ejβM N

where βji is now given by

2πf cos(θi )
βji =
c

Pi−1
l=0

dl






(4.4)

(4.5)
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Figure 4.2: Example impulse response
For the real signals we employed speech signals from the Acoustical Society of Japan
(ASJ) continuous speech corpus and impulse responses in the Real World Computing
Partnership (RWCP) sound scene database from real acoustic environments [28]. An
example of the impulse responses is shown in Fig. 4.2. The typical reverberation time
is about 190ms. The source directions θi were estimated by the MUSIC algorithm
[33].
In Figs. 4.3-4.7 the normalized1 sensor gain of the unmixing system for each frequency
bin and sensor is shown for different experimental conditions. Denoting the row
vectors of the unmixing matrix W by wi and the elements of wi by wij the normalized
and frequency dependent sensor gains are given by
|wi |
max(|wi1 |, . . . , |wiN |)

(4.6)

The figures were generated by depicting the normalized, absolute values of the unmixing vectors that were obtained by applying the PCA-based subspace approach and
afterwards FastICA to real and artificially generated source signals, respectively. The
experimental conditions for each figure are summarized in Table 4.1.

Figures 4.3

and 4.4 show the ideal case with artificial signals for 3 uniformly spaced sensors for the
1

each frequency bin was normalized to its maximum gain
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Table 4.1: Experimental conditions
Figure

4.5

Source signals

4.3, 4.4

4.6

4.7

recorded speech

artificially generated

7.4 seconds

1000 samples

8 kHz

N/A

Length of source signals
Sampling rate
Number of sources

2

Direction of arrival

θ1 =

Number of sensors

3

Distance of sensors (mm)
Mixing process

50◦ ,

θ2 = 150◦
7

d1 = 28.3

d1 = 28.3

di = 28.3

d2 = 28.3

d2 = 56.6

(i = 1, . . . , 7)

recorded impulse responses

artificial mixing matrix

Hann

N/A

Windowing function
Filter length

2048 points

Shifting interval

512 points
10−3

Threshold  for FastICA

w13
w11
1

Normalized sensor gain
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Figure 4.3: Normalized sensor gain with PCA-based subspace selection for 3 uniformly spaced sensors and first artificial source signal
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Figure 4.4: Normalized sensor gain with PCA-based subspace selection for 3 uniformly spaced sensors and second artificial source signal

Normalized sensor gain

1

0.8

0.6

0.4

0.2

0
60
50

1000

40

800

30

600
20

400
10

Sensor position (mm):
0.0 28.3 56.6

200
0

0

Frequency bin

Figure 4.5: Normalized sensor gain with PCA-based subspace selection for 3 uniformly spaced sensors and real speech signals
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Figure 4.6: Normalized sensor gain with PCA-based subspace selection for 3 unequally spaced sensors and artificial signals
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Figure 4.7: Normalized sensor gain with PCA-based subspace selection for 7 uniformly spaced sensors and artificial signals
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first and the second source signal, respectively. They reveal most clearly the principle
that the PCA-based method also emphasizes the outer sensors with a wide spacing
for low frequencies as the geometrical considerations in [29] suggest. However, the
remaining sensor in the center is not excluded as with the geometry-based approach
but contributes more the higher the frequency becomes. At the highest frequencies
it contributes about twice as much as the outer sensors. The similarity between the
landscapes of both signals can be explained by the fact that we only account for the
absolute value and not the phase. Since this is also true for the following figures, we
omitted the landscape of the second signal there. We used the same conditions as for
Fig. 4.3 to generate Fig. 4.5 except that we employed real speech signals and impulse
responses instead of artificial signals and a mixing matrix. While it is not as clear
as Fig. 4.3 it still illustrates the principle that outer sensors are preferred for low frequencies and justifies the assumptions made for the ideal case. This principle is also
apparent if we choose different conditions such as an unequal sensor spacing or more
than 3 sensors as was done in Figs. 4.6 and 4.7, though the sensor gain landscape
becomes more complicated, particularly for high frequencies.
To investigate the effect of PCA in even more detail we analyzed the eigenvectors
and eigenvalues of the correlation matrix Rxx of the mixed signals according to the
approach described in Sec. 3.2. A typical result for the first and second principal components represented by the eigenvectors with the largest and second largest
eigenvalues, respectively, is shown in Fig. 4.8 and 4.9 for each frequency bin. The
result is normalized and was generated using the same conditions as for Fig. 4.3. The
elements wij now belong to WP CA . For the first principal component in Fig. 4.8 all
sensors contribute with approximately the same gain for low frequencies. In contrast,
the outer sensors are emphasized for high frequencies. The sensor gain of the second
principal component in Fig. 4.9 already shows the emphasis of the outer sensors for
lower frequencies as well as the emphasis of the middle sensor for higher frequencies,
which is dominant in the resulting sensor gain landscape in Figs. 4.3-4.7.

4.2
4.2.1

Interpretation of experimental results
Low frequencies

In this section we provide an explanation for the experimental result whereby the
PCA-based subspace approach automatically selects the outer two sensors for low
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Figure 4.8: Normalized sensor gain corresponding to the first principal component of
Fig. 4.3
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Figure 4.9: Normalized sensor gain corresponding to the second principal component
of Fig. 4.3
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frequencies to produce a good result. First we show analytically why the second
principal component already exhibits this behavior. Then we explain its dominance
in the final sensor selection landscape.
In order to explain the landscape of the eigenvectors that correspond to the first and
second principal components in Figs. 4.8 and 4.9 we assume a 3 × 2 mixing matrix H

as described in Sec. 2.2.1 and uniformly spaced sensors (d1 = d2 := d). This yields


c1
c2


jω2 
jω1
H=
(4.7)
c
e
c
e
2

 1
c1 ej2ω1 c2 ej2ω2

where

ωi =

2πf d cos θi
c

(4.8)

Then we obtain the mixed signals x as

X = HS = H

"

S1
S2

#



c 1 S1 + c 2 S2





jω1
jω2

=
S
+
c
e
S
c
e
1
2
2
1


2jω1
2jω2
c1 e
S1 + c 2 e
S2

(4.9)

We define an arbitrary eigenvector p of the covariance matrix RXX which corresponds
to a principal component by




p1



p =  p2 

p3

(4.10)

The scalar product of the mixed signals X and the eigenvector p yields
pH X = pH HS = c1 S1 (p∗1 + p∗2 ejω1 + p∗3 e2jω1 )+
c2 S2 (p∗1 + p∗2 ejω2 + p∗3 e2jω2 )

(4.11)

For low frequencies the phase difference ωi becomes very small and we can approximate it by the least square error (LSE) solution ω̄i of
ω̄i = min ||(p∗1 + p∗2 ejωi + p∗3 e2jωi ) − (p∗1 eω̄i + p∗2 eω̄i + p∗3 eω̄i )||
ω̄i

(4.12)

Thus we obtain
pH X ≈ (c1 S1 ej ω̄1 + c2 S2 ej ω̄2 )(p∗1 + p∗2 + p∗3 )

(4.13)
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The first principal component corresponding to Fig. 4.8 is found by maximizing the
power E{(pH X)(pH X)∗ } with the constraint ||p|| = 1. By the Lagrange multiplier

approach


∇ E{(pH X)(pH X)∗ } + γ(||p|| − 1) = 0

(4.14)

where ∇ is the Nabla operator and γ the Lagrange multiplier, we can show that with

the approximation in Eq. (4.13) the maximum is obtained if p1 = p2 = p3 , which

means that all sensors have approximately equal influence. In this case the LSE
solution for ω̄i equals ωi . A more detailed derivation is given in appendix A.
To explain the emphasis of the outer two sensors with the second principal component
we show that the second sensor is completely contained in the first principal component. The projection of the mixed signal on the first principal component yields

pH X
p
pH p

||p||=1

p1 =p2 =p3

≈



c1 ejω1 S1 + c2 ejω2 S2





 c1 ejω1 S1 + c2 ejω2 S2 


jω2
jω1
c 1 e S1 + c 2 e S2

(4.15)

From comparing this result with Eq. (4.9) it follows that the middle sensor is nearly
exactly represented by the first principal component. In contrast it does not exactly
represent the outer two sensors. Thus, to be able to represent them by the principal
components they must be considered again in the second principal component. This
results in the emphasis of the outer sensors by the second principal component.
To explain the dominance of the second principal component even after employing
ICA we have to examine the process of normalizing the mixed signals after projecting them onto the principal components. According to Sec. 2.1.2 the normalizing
is performed by the inverse square root of the respective eigenvalue. A typical frequency dependent eigenvalue distribution is shown in Fig. 4.10. For low frequencies
the eigenvalue of the first principal component is very large compared with the eigenvalue of the second principal component. This in turn means that the first principal
component is attenuated and the second principal component is amplified. Thus the
second principal component has a dominant influence when combined with the first
principal component by the subsequent ICA stage.

4.2.2

High frequencies

The sensor gain landscape for high frequencies in Fig. 4.3 also resembles the result
of the geometry-based subspace approach in [29]. The sensor distance at the highest
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Figure 4.11: Combined processing for high frequencies (normalized, phase omitted)
frequency equals approximately half the wavelength. This is the maximum possible
distance while still avoiding spatial aliasing and should be the optimum distance.
Thus two adjacent sensors should be selected to obtain the best result. As mentioned
in Sec. 4.1 the contribution of the center sensor is roughly twice that of the outer
ones. This is equal to processing the mixed signals for each adjacent pair of sensors
separately and adding the results later as shown in Fig. 4.11. There is a continuous
transition between the lowest and highest frequency with respect to choosing the
relative sensor gains.

Chapter 5
Comparison of the PCA- and
geometry-based approaches
In this chapter we present experimental results to compare the performance of the
two previously described subspace methods. We provide an explanation based on the
results reported in chapter 4.

5.1

Experimental results

To compare the PCA- and geometry-based methods, we separated real speech mixtures that we obtained by convolving impulse responses hji [k] and pairs of speech
signals si [k], and optionally adding artificial Gaussian noise nj [k] with zero mean
and variance σn2 = 10−4 . We employed speech signals and impulse responses from
the same databases as in Sec. 4.1 and used the same conditions as given in Table
4.1 for Fig. 4.3. In addition we conducted experiments for filter lengths of 1024 and
4096 points with a shifting interval of 265 and 1024 points, respectively. The frequency ranges for the geometry-based method were calculated based on the criteria
discussed in Sec. 3.3 where α = 1.2. We measured the performance in terms of the
signal-to-noise plus interference ratio (SNIR) in dB at output number i in terms of
P s 2
yi [k]
(5.1)
SNIRi = 10 log P k cn
2
k yi [k]

where yis [k] is the portion of a output yi [k] that comes only from a source signal si [k]

and yicn [k] is the portion of yi [k] that comes from the remaining signals (interference)
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Figure 5.1: Calculating SNIR
and optional noise as indicated in (Fig 5.1).
yicn [k] = yi [k] − yis [k]

Figures 5.2-5.7 show the results for both subspace approaches.

(5.2)

In order to account

for all outputs yi [k], (1 ≤ i ≤ N ) we calculated an averaged SNIR given by
N
1 X
SNIR =
SNIRi
N i=1

(5.3)

Each figure depicts the results for 12 different pairs of speech signals obtained for
a specific filter length. Additionally we distinguished between the low and the high
frequency ranges that were used by the geometry-based approach. Figures 5.2, 5.4 and
5.6 reveal that, regardless of filter length, both subspace methods perform similarly
for low frequencies with and without added noise. This confirms that the PCAbased approach also emphasizes the wider sensor spacing in the same way as the
geometry-based method. However, Figs. 5.3, 5.5 and 5.7 suggest, again regardless
of filter length, that the performance differs significantly if we consider the high
frequency range. While both approaches still perform similarly if we only account
for reverberation, the PCA-based approach works better than the geometry-based
approach if noise is added.
In Figures 5.8-5.11 show the performance for part of the low frequency range broken
down into single frequency bins. As an example we chose source pair number 3.

56

CHAPTER 5. COMPARISON OF SUBSPACE METHODS

Low frequency range; Filter length: 1024; Sensor set: 30 29 28
15
Geometry−based (without noise)
PCA−based (without noise)
Geometry−based (with noise)
PCA−based (with noise)

14
13

SNIR (dB)

12
11
10
9
8
7
6
5

1

2

3

4

5

6
7
Sound mixture

8

9

10

11

12

Figure 5.2: Comparison of PCA- and geometry-based subspace selection
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Figure 5.3: Comparison of PCA- and geometry-based subspace selection
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Figure 5.4: Comparison of PCA- and geometry-based subspace selection
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Figure 5.5: Comparison of PCA- and geometry-based subspace selection

12

58

CHAPTER 5. COMPARISON OF SUBSPACE METHODS

Low frequency range; Filter length: 4096; Sensor set: 30 29 28
20
Geometry−based (without noise)
PCA−based (without noise)
Geometry−based (with noise)
PCA−based (with noise)

18

SNIR (dB)

16
14
12
10
8
6

1

2

3

4

5

6
7
Sound mixture

8

9

10

11

12

Figure 5.6: Comparison of PCA- and geometry-based subspace selection
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Figure 5.7: Comparison of PCA- and geometry-based subspace selection
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Figure 5.8: Frequency dependent SNIR with added noise
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Figure 5.9: Frequency dependent SNIR with added noise
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Figure 5.10: Frequency dependent SNIR without additional noise
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Figure 5.11: Frequency dependent SNIR without additional noise
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With noise; SourcePair: 3; Filter length: 2048; Sensor set: 30 29 28; Source 1
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Figure 5.12: Frequency dependent SNIR with added noise
These figures again evidence the similar behavior of the PCA- and geometry-based
approaches for low frequencies. Their behavior is most similar over a wide range if
we account only for reverberation. However, in Fig. 5.11 we can see a great failure
in the frequency bins number 25 to 40. If noise is added both methods still perform
very similarly for low frequencies.
In Figs. 5.12-5.15 the performance of the same signals as in Figs. 5.8-5.11 is depicted
for the high frequency range.

We can clearly see that the PCA-based approach is

advantageous in the high frequency range if noise is added. But again we encounter
a great failure in Fig. 5.15 in the frequency bins above 1005.

5.2

Interpretation of experimental results

To interprete the experimental results of Sec. 5.1 we distinguish between noiseless
and noisy cases as well as between frequency ranges.
As stated in Sec. 3.2 uncorrelated noise is normally reduced if we coherently add
up the mixtures received at several sensors. While the PCA-based method is in
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Figure 5.13: Frequency dependent SNIR with added noise
Without noise; SourcePair: 3; Filter length: 2048; Sensor set: 30 29 28; Source 1
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Figure 5.14: Frequency dependent SNIR without additional noise
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Figure 5.15: Frequency dependent SNIR without additional noise
general capable of utilizing all available sensors, the geometry-based approach by
definition always uses only two sensors. Thus the latter cannot exploit the noise
reduction to the same degree as the PCA-based approach. However, as seen in Sec.
4.1 the PCA based method also emphasizes the outer sensors for low frequencies. This
normally provides the highest possible phase difference for low frequencies, which is
important for correctly separating the mixed signals with the subsequent ICA stage as
mentioned in Sec. 3.3. Therefore the contribution of the middle sensor is very small
for low frequencies. In addition the PCA-based method might encounter problems
when trying to find appropriate appropriate principal components due to low phase
differences which are disturbed by noise. Thus the PCA-based approach cannot make
great use of the remaining sensor to reduce noise either and therefore does not improve
the performance for low frequencies.
In contrast, for high frequencies a smaller sensor distance is appropriate. Section 4.2.2
showed that the behavior of the PCA-based approach also resembles the behavior
of the geometry-based approach for high frequencies by automatically selecting the
small sensor spacing. However, the PCA-based approach can utilize all available
sensor pairs with small a spacing whereas the geometry-based method still allows
only the contribution of one sensor pair. Therefore, while the PCA-based approach
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follows geometric considerations it is also capable of effectively reducing noise.
In the noiseless case the fact that the PCA-based subspace approach follows geometric
considerations both in the low and high frequency range remains unchanged. Since
the PCA-based approach cannot reduce the noise for the low frequency range it does
not matter whether there is noise or not in the low frequency range with regard to the
choice of the subspace method. In contrast, the advantage of the noise suppression
provided by the PCA-based method for the high frequency range has no effect in the
noiseless case and therefore does not improve the result.
The exact reasons for the failures in Figs. 5.11 and 5.15 remains unclear and needs
further investigation. One possible reason could be that the geometry-based approach
is more robust against outliers than the PCA-based approach. The sensor distance
is not influenced by the characteristics of the signals and therefore gives a clear basis
for the geometry-based approach to select the subspace. In contrast, the PCA-based
approach relies on statistical characteristics of the signals. They can change and are
not as certain as the sensor spacing.

Chapter 6
Summary and conclusion
In this thesis we investigated the problem of BSS for convolutive mixtures of speech
signals. We first explained how we can estimate source signals from their instantaneous mixtures if the original source signals are mutually independent and nonGaussian. In particular we considered the FastICA algorithm proposed in [6]. We
then pointed out how we can reduce the problem of BSS for convolutive mixtures to
instantaneous mixtures if we switch from the time domain to the frequency domain.
We then specifically addressed the problem of overdetermined BSS and showed how
it can be narrowed down to critically-determined BSS if we employ a subspace preprocessing stage. We found that for FastICA it is most advantageous if we undertake
the subspace processing before we separate the mixtures.
We have compared two subspace approaches both experimentally and analytically.
We found that for low frequencies the PCA-based method exhibits a similar performance to the geometry-based method because it automatically also emphasizes the
outer sensors with a larger spacing. For high frequencies the PCA-based approach
performs better when exposed to noisy speech mixtures because due to an appropriate phase difference it can utilize all pairs of sensors to suppress the noise. These
results deepen our understanding of the PCA-based method from a geometrical point
of view.
Further investigations should include the comparison of the algorithms described in
this thesis with non-holonomic algorithms.
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Appendix A
Derivation of sensor selection by
PCA for low frequencies
A.1

Definitions and assumptions

We assume a mixing system with 2 sources and 3 equispaced sensors with distance
d. The sensors are supposed to be linearly aligned and consecutively numbered. The
source signals are given by
S :=

"

S1
S2

#

(A.1)

According to Sec. 4.2, if the first sensor serves as reference point, the frequency
dependent mixing matrix can be written as

c1
c2

jω

H(f ) =  c1 e 1 c2 ejω2
c1 ej2ω1 c2 ej2ω2

where

ωi =






(A.2)

2πf d cos θi
c

(A.3)

θi denotes the DOA of source number i and c the sound velocity. Then we obtain the
mixed signals X as

X = HS = H

"

S1
S2

#



c 1 S1 + c 2 S2





jω1
jω2

=
c
e
S
+
c
e
S
1
1
2
2


j2ω1
j2ω2
c1 e
S1 + c 2 e
S2
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We define an arbitrary eigenvector of the covariance matrix RXX which corresponds
to a principal component by


p1





a1 + jb1




 

 

p := 
 p2  =  a2 + jb2 
p3
a3 + jb3

(A.5)

The scalar product of p and the mixed signals X yields

pH X = pH HS = c1 S1 (p∗1 + p∗2 ejω1 + p∗3 ej2ω1 )+
c2 S2 (p∗1 + p∗2 ejω2 + p∗3 ej2ω2 )

(A.6)

For low frequencies the phase difference ωi becomes very small and we can approximate the phase jωi , (0 ≤ j ≤ M − 1) by the least square error (LSE) solution ω̄i

of

min ||(p∗1 + p∗2 ejωi + p∗3 ej2ωi )−
ω̄i

(p∗1 ej ω̄i + p∗2 ej ω̄i + p∗3 ej ω̄i )|| =
= min ||((p∗1 + p∗2 ejωi + p∗3 e2jωi ) − (p∗1 ej ω̄i + p∗2 ej ω̄i + p∗3 ej ω̄i ))||
ω̄i

= min ||((p∗1 + p∗2 ejωi + p∗3 e2jωi ) − ej ω̄i (p∗1 + p∗2 + p∗3 ))||
ω̄i

(A.7)

Then we can approximate pH X by
pH X ≈ (c1 ej ω̄1 S1 + c2 ej ω̄2 S2 )(p∗1 + p∗2 + p∗3 )

A.2

(A.8)

Derivation of first principal component

The first principal component is found by maximizing the power
E{(pH X)(pH X)∗ }

(A.9)

with the constraint ||p|| = 1.

This leads to a constrained problem
max E{(pH X)(pH X)∗ },
p

||p|| = 1

(A.10)

We define:
x¯2 := E{(c1 ej ω̄1 S1 + c2 ej ω̄2 S2 )
(c1 ej ω̄1 S1 + c2 ej ω̄2 S2 )∗ }

γ := δ · x¯2 ,

δ variable (modified Lagrange multiplier)

(A.11)
(A.12)
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and utilize the Lagrange multipliers approach [8]:364:

∇ E{(pH X)(pH X)∗ } + γ(||p|| − 1) = 0

(A.13)

H
·
E{(p
X)(pH X)∗ } ≈ E{((c1 ej ω̄1 S1 + c2 ej ω̄2 S2 )(p∗1 + p∗2 + p∗3 )

(c1 ej ω̄1 S1 + c2 ej ω̄2 S2 )∗ (p1 + p2 + p3 )}

= (p1 p∗1 + p2 p∗2 + p3 p∗3 +p∗1 (p2 + p3 ) + p∗2 (p1 + p3 ) + p∗3 (p1 + p2 )) · x¯2
|
{z
}
=||p||=1

= (1 +

p∗1 (p2

+ p3 ) + p∗2 (p1 + p3 ) + p∗3 (p1 + p2 )) · x¯2

(A.14)

⇒

∇ E{(pH X)(pH X)∗ } + γ(||p|| − 1) =

= ∇ (1 + p∗1 (p2 + p3 ) + p∗2 (p1 + p3 ) + p∗3 (p1 + p2 )) · x¯2 + δ · x¯2 (||p|| − 1)

= ∇(x¯2 − δ · x¯2 ) +x¯2 ∇(p∗1 (p2 + p3 ) + p∗2 (p1 + p3 ) + p∗3 (p1 + p2 ) + δ||p||) = 0
{z
}
|
=0

⇒

∇(p∗1 (p2 + p3 ) + p∗2 (p1 + p3 ) + p∗3 (p1 + p2 ) + δ||p||) = 0

(A.15)

If we use pi = ai + jbi we obtain
∇(p∗1 (p2 + p3 ) + p∗2 (p1 + p3 ) + p∗3 (p1 + p2 ) + δ||p||) =
= ∇((a1 − jb1 )(a2 + jb2 + a3 + jb3 ) + (a2 − jb2 )(a1 + jb1 + a3 + jb3 )+

(a − jb3 )(a1 + jb1 + a2 + jb2 ) + δ(a21 + b21 + a22 + b22 + a23 + b23 ))
3

2(δa1 + a2 + a3 )


 2(a + δa + a ) 
1
2
3 



 2(a1 + a2 + δa3 ) 


= 

 2(δb1 + b2 + b3 ) 


 2(b1 + δb2 + b3 ) 


2(b1 + b2 + δb3 )



a1
δ 1 1



 1 δ 1
 a 
0
2






 1 1 δ
  a3 




(A.16)
= 2
 b  = 0
δ
1
1

 1 






0
1 δ 1 

  b2 
1 1 δ

b3
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⇒ Basically we have to solve two independent subsystems:
δ

1

1

0

1

δ

1

0

1

1

δ

0

δ

1

0 δ−

0 1−

1
1
δ
1
δ

1

δ

0 δ−

0

1
δ

0

1−
δ−

0
1
δ
1
δ

0

(A.17)

0

1

0

1 − 1δ
δ 2 +δ−2
δ+1

0
0

We get a non-trivial solution if and only if
δ2 + δ − 2
=0
δ+1

⇒

δ1 = −2, δ2 = 1

(A.18)

Solution for δ = δ1 = 1:

a1 = −(a2 + a3 );

a2 , a3 variable

(A.19)

b1 = −(b2 + b3 );

b2 , b3 variable

(A.20)

p2 , p3 variable

(A.21)

⇒ p1 = −(p2 + p3 );
Inserting in Eq. (A.14) yields:

(1 + p∗1 (p2 + p3 ) + p∗2 (p1 + p3 ) + p∗3 (p1 + p2 )) · x¯2 =

= (1 − p∗1 p1 + p∗2 (−p2 − p3 + p3 ) + p∗3 (−p2 − p3 + p2 )) · x¯2

= (1 − (p∗1 p1 + p∗2 p2 + p∗3 p3 )) · x¯2
|
{z
}
=||p||=1

= 0

(A.22)

Solution for δ = δ2 = −2:
a1 = a 2 = a 3 = a

(A.23)

b1 = b 2 = b 3 = b

(A.24)

p1 = p2 = p3 = p = a + jb

(A.25)

Let
a + jb =: |p|ejφ

(A.26)

APPENDIX A. DERIVATION OF SENSOR SELECTION BY PCA

70

Then it follows with ||p|| = 3|p|2 = 1
1
|p| = ± √
3

(A.27)

φ can be chosen arbitrarily
Inserting in Eq. (A.14) yields:
(1 + p∗1 (p2 + p3 ) + p∗2 (p1 + p3 ) + p∗3 (p1 + p2 )) · x¯2 =
= (1 + p∗ (p + p) + p∗ (p + p) + p∗ (p + p)) · x¯2

= (1 + 3p∗ (p + p)) = (1 + 6p∗ p) · x¯2 = (1 + 6|p|2 ) · x¯2

= 3 · x¯2 ≥ 0

(A.28)

⇒ We obtain the maximum for δ = δ2 = −2 and p1 = p2 = p3 = p

A.3

Approximation of phase difference

With p1 = p2 = p3 = p and Eq. (A.7) we can now determine the approximation of
the the phase. The minimum of Eq. (A.7) can be found by
d
||(p∗1 + p∗2 ejωi + p∗3 e2jωi ) − ej ω̄i (p∗1 + p∗2 + p∗3 )|| = 0
dω̄i

(A.29)

We obtain for the first derivative:
d
||(p∗1 + p∗2 ejωi + p∗3 e2jωi ) − ej ω̄i (p∗1 + p∗2 + p∗3 )|| =
dω̄i
d
=
||p∗ ((1 + ejωi + e2jωi ) − 3ej ω̄i )|| =
dω̄i
d
=
(pp∗ ((1 + ejωi + e2jωi ) − 3ej ω̄i ) ·
dω̄i
((1 + e−jωi + e−2jωi ) − 3e−j ω̄i ))
1 d
=
(
((1 + e−jωi + e−2jωi )(1 + ejωi + e2jωi ) +
3 dω̄i
{z
}
|
=0

d
(3e−j ω̄i · 3ej ω̄i ) −
dω̄i
{z
}
|
=0

d
(3e−j ω̄i (1 + ejωi + e2jωi ) + 3ej ω̄i (1 + e−jωi + e−2jωi ))
dω̄i
= je−j ω̄i (1 + ejωi + e2jωi ) − jej ω̄i (1 + e−jωi + e−2jωi )

(A.30)
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The second derivative is given by
d
d2 ω̄

i

||p∗ (1 + ejωi + e2jωi ) − 3ej ω̄i || =

d
(je−j ω̄i (1 + ejωi + e2jωi ) − jej ω̄i (1 + e−jωi + e−2jωi ))
dω̄i
= e−j ω̄i (1 + ejωi + e2jωi ) + ej ω̄i (1 + e−jωi + e−2jωi )
=

(A.31)

For ω̄i = ωi we get
d
||p∗ (1 + ejωi + e2jωi ) − 3ej ω̄i || =
dω̄i
= je−j ω̄i (1 + ejωi + e2jωi ) − jej ω̄i (1 + e−jωi + e−2jωi )
= j(e−jωi + 1 + ejωi ) − j(ejωi + 1 + e−jωi )

= 0

(A.32)

and
d
||p∗ (1 + ejωi + e2jωi ) − 3ej ω̄i || =
d2 ω̄i
=
e−j ω̄i (1 + ejωi + e2jωi ) + ej ω̄i (1 + e−jωi + e−2jωi )
=

(e−jωi + 1 + ejωi ) + (ejωi + 1 + e−jωi )

=

2 + 2 cos(ωi ) + 2 cos(−ωi )

=

2 + 4 cos(ωi )

|ωi |1

>

0

Thus ω̄i = ωi is a LSE solution of Eq. (A.7) for p1 = p2 = p3 = p.

(A.33)
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